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DEFINITION

A compact set K � Cn is called B-regular (short for Bremermann regular) if every
continuous function on K can be approximated uniformly on K by functions which
are continuous and plurisubharmonic on some (varying) neighborhoods of K .

Being a B-regular compact set is equivalent to:

The function �}z}2 can be approximated uniformly on K by functions which are
continuous and plurisubharmonic on some (varying) neighborhoods of K .
(Sibony’87)
for each z P K the Dirac delta δz is the only probability measure µ (called
Jensen measure) such that

upzq ¤
�

K
udµ

for all u which are continuous and plurisubharmonic in some neighborhood of K
(i.e., K is equal to its Jensen boundary, a notion from uniform algebras).
(Sibony’87)
For each M ¡ 0 there exists a smooth (C8) function u which is
plurisubharmonic on some neighborhood of K such that 0   u   1 and
ddcu ¥ Mddc}z}2 (Sibony’87).
Every upper semicontinuous function on K can be approximated by a sequence
of continuous plurisubharmonic functions defined on (varying) neighborhoods of
K that is decreasing on K . (Poletsky’96, Czyż-Hed-Persson’12, D-D direct proof)
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Examples

Boundaries of strongly pseudoconvex domains.

Any compact subset of Rn � Rn � iRn � Cn is B-regular.Sketch: If K is a
compact subset of C1 totally-real submanifold of Cn, then it is well-known
(Harvey-Wells’72) that any complex-valued continuous function on K can
be approximated uniformly on K by holomorphic functions on
neighborhoods. Now take the real parts.
Any compact set of vanishing two dimensional Hausdorff measure.This is
because it is rationally convex, and every continuous complex valued
function on K can be approximated uniformly on K by rational functions
with poles off K (a generalization of the Hartogs-Rosenthal theorem, e.g.
book of Stout). Again take the real parts.
Totally disconnected sets. This is because they are holomorphically convex
in the sense presented in the book of Stout, so every complex valued
continuous function on such a set can be uniformly approximated by
holomorphic functions defined on varying neighborhoods.
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Non- Examples

Any compact set with nonempty interior.

More generally, any compact set containing an analytic disc. (In particular,
2 is the threshold of Hausdorff dimension up to which vanishing measure
implies B-regularity.)
Some ”fat enough” Swiss-cheese type compact sets in the complex plane.
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We collect some of the properties of B-regular compact sets:

If Kj are compact B-regular and
8¤

j�1

Kj � K is compact then K is B-regular.

This is not true with
8¤

j�1

Kj .

A compact subset of a B-regular compact set is again B-regular.
The intersection of a B-regular compact set with lower dimensional affine
complex subspace is again B-regular in the corresponding subspace.
B-regularity can not be explained by sections (slices). For example, the
analytic disk Dp0,1q Q z Ñ pz, z2q P C2 is not B-regular, whereas the
intersection with any complex line has at most two points, and hence is
B-regular.

ŻYWOMIR DINEW ASPECTS OF B-REGULARITY 5 / 14



We collect some of the properties of B-regular compact sets:

If Kj are compact B-regular and
8¤

j�1

Kj � K is compact then K is B-regular.

This is not true with
8¤

j�1

Kj .

A compact subset of a B-regular compact set is again B-regular.

The intersection of a B-regular compact set with lower dimensional affine
complex subspace is again B-regular in the corresponding subspace.
B-regularity can not be explained by sections (slices). For example, the
analytic disk Dp0,1q Q z Ñ pz, z2q P C2 is not B-regular, whereas the
intersection with any complex line has at most two points, and hence is
B-regular.
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Behavior under mappings

Very simple transformations can destroy the B-regularity. For example
C2 Q pz,wq Ñ z � w P C takes the compact B-regular pC � iCq � pC � iCq to
r0,2s � ir0,2s, where C is the ternary Cantor set.

In particular, B-regularity is
not invariant under projections and non degenerate mappings φ : Cn Ñ Cm

if m   n.
If X � Cn and Y � Cm are compact subsets, and φ : X Ñ Y is a
continuous mapping such that all its components are uniformly
approximable on X by holomorphic functions on neighborhoods. If Y is
B-regular and for any y P Y one has that φ�1pyq is B-regular then X is
B-regular. This, in a sense, generalizes the product property
In particular, if K1 � Cn and K2 � Cm are B-regular compact sets then
K1 � K2 is a B-regular compact subset of Cn�m.
Let X � Cn and Y � Cm be compact subsets, and φ : X Ñ Y be a
continuous mapping that extends to a proper holomorphic mapping
between neighborhoods of X and Y , X � Ω, Y � U. If X is B-regular then
Y is B-regular.
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ŻYWOMIR DINEW ASPECTS OF B-REGULARITY 6 / 14



Behavior under mappings

Very simple transformations can destroy the B-regularity. For example
C2 Q pz,wq Ñ z � w P C takes the compact B-regular pC � iCq � pC � iCq to
r0,2s � ir0,2s, where C is the ternary Cantor set.In particular, B-regularity is
not invariant under projections and non degenerate mappings φ : Cn Ñ Cm

if m   n.
If X � Cn and Y � Cm are compact subsets, and φ : X Ñ Y is a
continuous mapping such that all its components are uniformly
approximable on X by holomorphic functions on neighborhoods. If Y is
B-regular and for any y P Y one has that φ�1pyq is B-regular then X is
B-regular. This, in a sense, generalizes the product property
In particular, if K1 � Cn and K2 � Cm are B-regular compact sets then
K1 � K2 is a B-regular compact subset of Cn�m.

Let X � Cn and Y � Cm be compact subsets, and φ : X Ñ Y be a
continuous mapping that extends to a proper holomorphic mapping
between neighborhoods of X and Y , X � Ω, Y � U. If X is B-regular then
Y is B-regular.

ŻYWOMIR DINEW ASPECTS OF B-REGULARITY 6 / 14



Behavior under mappings

Very simple transformations can destroy the B-regularity. For example
C2 Q pz,wq Ñ z � w P C takes the compact B-regular pC � iCq � pC � iCq to
r0,2s � ir0,2s, where C is the ternary Cantor set.In particular, B-regularity is
not invariant under projections and non degenerate mappings φ : Cn Ñ Cm

if m   n.
If X � Cn and Y � Cm are compact subsets, and φ : X Ñ Y is a
continuous mapping such that all its components are uniformly
approximable on X by holomorphic functions on neighborhoods. If Y is
B-regular and for any y P Y one has that φ�1pyq is B-regular then X is
B-regular. This, in a sense, generalizes the product property
In particular, if K1 � Cn and K2 � Cm are B-regular compact sets then
K1 � K2 is a B-regular compact subset of Cn�m.
Let X � Cn and Y � Cm be compact subsets, and φ : X Ñ Y be a
continuous mapping that extends to a proper holomorphic mapping
between neighborhoods of X and Y , X � Ω, Y � U. If X is B-regular then
Y is B-regular.
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We can not relax the condition that φ has a holomorphic extension to a proper
mapping between neighborhoods by assuming that φ is a mapping that can be
approximated even by holomorphic automorphisms uniformly on X as the
mapping

C2 Q pz,wq Ñ pz � w ,0q P C2

can be uniformly approximated on Dp0,2q � Dp0,2q � pC � iCq � pC � iCq by the
automorphisms

C2 Q pz,wq Ñ
�

z � w ,
z
j



P C2, j � 1,2, . . . ,

B-regularity in C1.

A characterization of B-regularity in C1 is possible with the use of the so-called
fine topology:

A compact K � C1 is B-regular if and only if K has empty interior in the fine
topology, established in Sibony’87.
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An example of a compact continuum with an empty interior but nonempty fine interior.

Take a Swiss cheese

K � Dp0,1qz
8¤

j,k�1

Dpzj,k , rj,k q

where the centers zj,k and radii rj,k are chosen so that

The disks and the complement of Dp0,1q have pairwise disjoint closures. This

yields the restriction
8̧

j,k�1

r2
j,k   1.

The disks are ”evenly distributed” so that K has empty interior.
The disks with fixed j are situated within a specified annulus centered at 0,

Dpzj,k , rj,k q �
"

z P C :
1
2j   |z|   1

2j�1

*
. This yields the restriction

8̧

k�1

r2
j,k  

1
22pj�1q �

1
22j .

The series
8̧

j�1

j
8̧

k�1

1

log
�

2
rj,k

	 is convergent.

Choosing rj,k � 1
22k pj�1q3�1

is good (The idea is to make 0 a thin boundary point of

Dp0,1qzK , so it belongs to the fine interior of K )
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log
�

2
rj,k

	 is convergent.

Choosing rj,k � 1
22k pj�1q3�1

is good (The idea is to make 0 a thin boundary point of

Dp0,1qzK , so it belongs to the fine interior of K )
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We used a Swiss cheese type construction. Actually, every connected
planar example with empty interior would be obtained this way in a sense.

The expected counterpart of the characterization when n ¡ 1 is that if
K � Cn is B-regular compact then K has empty interior in the plurifine
topology but this is wrong (this is only a necessary condition).

We saw that containing an analytic disc is an obstruction to B-regularity.
Likewise for an analytic image of a ”fat” Swiss cheese.Can B-regularity be
characterized by the lack of analytically embedded ”fat” Swiss cheeses?

D-D: no with example (complicated, uses finely holomorphic functions that
can not be extended to holomorphic ones).
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In C1, if a function can be approximated uniformly on K by subharmonic
functions on (varying) neighborhoods on K then actually it can be also
approximated by harmonic ones.

This follows because the sets K on which
either approximation is possible have the same characterization Gauthier’ 94,
Shirinbekov’ 81, but we do not know any direct proof of that.The complex
counterpart would be that if the approximation by plurisubharmonic functions is
possible then it should be possible to also approximate by pluriharmonic ones.
This holds in all the cases presented above.It turns out that if n ¡ 1 this is not
true in general, the reason is the Hartogs phenomenon enjoyed by
pluriharmonic functions Bo-Yong Chen’17.

D-D: It is not true that any continuous function on a B-regular compact set K
can be approximated uniformly on K by functions pluriharmonic on (varying)
neighborhoods of K .

Sketch Consider the set K � BBp0,1q Y L where L is the closed linear segment
joining the origin with the point p1,0, . . . ,0q P BBp0,1q. The set K is clearly
B-regular, yet the function upzq � 1� }z} can not be approximated uniformly on
K by pluriharmonic functions, since any pluriharmonic function on a
neighborhood of K would extend to a pluriharmonic function on the ball Bp0,1q.
By uniqueness, the extension is close to 1 near the origin and close to 0 near
BBp0,1q. This this violates the maximum principle.
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Approximation vs. extension

If one can extend a continuous function from K to a plurisubharmonic
function on a neighborhood then the approximation is trivial.

Is it true that on B-regular K one can always extend any continuous
function to a plurisubharmonic function on a neighborhood?

There are at least two issues here:

the sets Ωk where the approximating functions uk are

plurisubharmonic can vary in such a way that
8£

k�1

Ωk � K , and hence

there is no ”domain” on which the approximating sequence can
converge to something plurisubharmonic.

even if K � Ω � int
8£

k�1

Ωk then it may happen that uk converges to u

only on K and diverges elsewhere on Ω. For example the sequence

uk pzq � k ln |z �
a

z2 � 1| � 1
k

consists of global subharmonic
functions but converges uniformly to u � 0 only on the interval r�1,1s
and diverges elsewhere.
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Let X be the set r�1,1s � t0u Y t0u � r�1,1s.
The function �|z|2 restricted to X has no subharmonic extension to any
neighborhood of X .

The easiest way to see this is to use the following result from
Eremenko’19:

If u is a subharmonic function in C such that the partial derivatives ux and uy exist on
the coordinate axes (actually it is enough that they exist in some open intervals
inside the axes containing 0) and the second order partials uxx and yyy both exist at
the origin. Then uxxp0,0q � uyy p0,0q ¥ 0.

Whatever the proposed subharmonic extension of �|z|2, which we call u, to some
Ω � X is its partial derivatives depend only on the values on the axes, so
ux
��
p�1,1q�0 � p�x2 � y2q��

p�1,1q�0 � �2x ,uy
��
t0u�p�1,1q � �2y and hence

uxxp0,0q � uyy p0,0q � �4 which is a contradiction.

Note that there are subharmonic functions on CzX continuous up to X (that is
continuous on C) such that their restriction to X is �|z|2.An example can be
constructed using

z Ñ z
n
?

4

�
1� 1

zn


 2
n

� z?
2

�
1� 1

z4


 1
2

,

the conformal map from CzD to CzX (main branch is used). These can not, however,
be subharmonic „through” X .

On the other hand if X 1 � r�1,1s � t0u then the same function allows subharmonic
extension.The subharmonic function upx , yq � 2y2 � x2 agrees with �|z|2 on X 1.
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be subharmonic „through” X .

On the other hand if X 1 � r�1,1s � t0u then the same function allows subharmonic
extension.The subharmonic function upx , yq � 2y2 � x2 agrees with �|z|2 on X 1.
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For B-regular sets it turns out that if �}z}2 can be approximated uniformly on X
by PSH functions on neighborhoods then any continuous function on X can be
approximated this way.

Is it true that if �}z}2 can be extended to a local PSH function then any
continuous function can be extended this way?No even in dimension 1!

Consider X 1 � r�1,1s � t0u � C. We already saw that �|z|2 can be extended to
a global subharmonic function. However, the function �|z| can not be extended
this way (Eremenko’ 19).Again, this function can be extended to a subharmonic
function on CzX 1 which is continuous on C.

On the other hand, we have D-D: If �}z}2 can be extended then any C1,1

function on X (a trace of a C1,1 function on a neighborhood) can be extended.
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ŻYWOMIR DINEW ASPECTS OF B-REGULARITY 13 / 14



For B-regular sets it turns out that if �}z}2 can be approximated uniformly on X
by PSH functions on neighborhoods then any continuous function on X can be
approximated this way.

Is it true that if �}z}2 can be extended to a local PSH function then any
continuous function can be extended this way?No even in dimension 1!

Consider X 1 � r�1,1s � t0u � C. We already saw that �|z|2 can be extended to
a global subharmonic function. However, the function �|z| can not be extended
this way (Eremenko’ 19).

Again, this function can be extended to a subharmonic
function on CzX 1 which is continuous on C.

On the other hand, we have D-D: If �}z}2 can be extended then any C1,1

function on X (a trace of a C1,1 function on a neighborhood) can be extended.
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The B-regular domains (short of Bremermann regular domaians) were
introduced in Sibony’87.

DEFINITION

A domain Ω � Cn is called B-regular iff any continuous function on BΩ can be
extended to Ω as a continuous plurisubharmonic function.

There are equivalent definitions utilizing the Dirichlet problem for the complex
Monge-Ampère equation or the existence of strong plurisubharmonic barriers.

B-regular
öùñ hyperconvex

hyperconvex ðñ regular in the classical sense ðñ B-regular in complex
dimension 1

Strongly pseudoconvex domains are B-regular.

Fact: hyperconvex domain + B-regular boundary ùñ B-regular domain.Under
mild boundary assumptions the reverse is also true.Pseudoconvex+B-regular
boundary is not enough! (Dzt0u is a counterexample)

ŻYWOMIR DINEW ASPECTS OF B-REGULARITY 14 / 14



The B-regular domains (short of Bremermann regular domaians) were
introduced in Sibony’87.

DEFINITION

A domain Ω � Cn is called B-regular iff any continuous function on BΩ can be
extended to Ω as a continuous plurisubharmonic function.

There are equivalent definitions utilizing the Dirichlet problem for the complex
Monge-Ampère equation or the existence of strong plurisubharmonic barriers.

B-regular
öùñ hyperconvex

hyperconvex ðñ regular in the classical sense ðñ B-regular in complex
dimension 1

Strongly pseudoconvex domains are B-regular.

Fact: hyperconvex domain + B-regular boundary ùñ B-regular domain.Under
mild boundary assumptions the reverse is also true.Pseudoconvex+B-regular
boundary is not enough! (Dzt0u is a counterexample)
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