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This talk is going to be presented as follows:
©Q Results

@ Corollaries
© Methods
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Results

Let us present our main result:
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Results

Let us present our main result:

Theorem

Let Q be a strongly pseudoconvex domain with C>“-boundary. Then,
there exists constants C > ¢ > 0 depending on €2 with

- (1 . (H(z —wall + 2 = w|?+ Iz — wWQ(z)>> < ka(z.w)

da(z)da(w)
< e (1 L (H(z —wall + 2 = w|?+ Iz — W;ng(z)» e
da(z)da(w) |

Above (z — w), is the complex normal component taken with respect to
closest point in the boundary of Q to z.
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By using earlier comparasion results by Nikolov-Thomas we can get the
same estimates for the Lempert function and the Carathéodory distance:
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By using earlier comparasion results by Nikolov-Thomas we can get the
same estimates for the Lempert function and the Carathéodory distance:

Theorem
Let Q be a strongly pseudoconvex domain with C>“-boundary. Then,
there exists constants C > ¢ > 0 depending on £ with

Jors (1 F (H(z —w) |+ lz=w|?+ |z - w”,/aQ(z))) _
da(z)dq(w)
ca(z,w) < ka(z,w) < lo(z,w) <

o8 (1 c (H(z —wall +llz = wl? + |z - WH\/5Q(Z)>> P

da(z)da(w)

v

Ahmed Yekta Okten Université Paul SabatielEstimates of invariant distances on strongly p 14.07.2023 4/26



If the domain has higher regularity, we can get the same estimates for the
Bergman distance:
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If the domain has higher regularity, we can get the same estimates for the
Bergman distance:

Theorem
Let Q be a strongly pseudoconvex domain with C3!-boundary. Then, there
exists constants C > ¢ > 0 depending on 2 with

- (HC(H( = wall +llz = wl? + Iz = wllv/5a(z) >><bﬂzw)<

da(z)da(w)
- (1 L <u(z —wall +llz = wl? + 2 - W\I\/—éo(z))) e
da(z)da(w) ]
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Our main result will follow by combining the lower estimates by
Nikolov-Thomas with the estimate below:
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Our main result will follow by combining the lower estimates by
Nikolov-Thomas with the estimate below:

Proposition

Let Q be a strongly pseudoconvex domain with C>“-boundary. Then,
there exists a constant ¢ > 0 depending on  such that

cll(z = w)|l

ka(z,w) > log [ 1+ RO )

z,w € Q.
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Our main result will follow by combining the lower estimates by
Nikolov-Thomas with the estimate below:

Proposition

Let Q be a strongly pseudoconvex domain with C>“-boundary. Then,
there exists a constant ¢ > 0 depending on  such that

cli(z = w).|
ka(z,w) > log (1 + m) , zZ,w € Q.

Note that a partial case of this result is proven by Kosinski-Nikolov and
the full case is conjectured by them.
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In order to prove the lower bound in our main result we proved two results
about behaviour of real and complex geodesics on strongly pseudoconvex
domains:
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In order to prove the lower bound in our main result we proved two results
about behaviour of real and complex geodesics on strongly pseudoconvex
domains:

Proposition

Let Q be a strongly pseudoconvex domain with C>“-boundary. Then,
there exists a constant ¢ > 0 such that if zz w € Qand 7, : | =+ Qisa
real Kobayashi geodesic joining z to w then we have that

Da(1zw) > cl(zw) (1)

where Dqo(7z,w) := max{dq(y(t)) : t € I} and /(7y,,w) denotes the
Euclidean length of (/).
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It is conjectured by Kosinski-Nikolov that the following result leads to our
lower bound. It shows that complex geodesics of C>“-strongly
pseudoconvex domains behave similarly to those of the ball.
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It is conjectured by Kosinski-Nikolov that the following result leads to our
lower bound. It shows that complex geodesics of C>“-strongly
pseudoconvex domains behave similarly to those of the ball.

Proposition:

Let Q be a strongly-pseudoconvex domain with C%“-boundary. For any
complex geodesic ¢ : A — € parametrized so that

Dal) = maxba(¢(2)) = da(¢(0))

we uniformly have, with constants depending on Q that

de(ip(8)) = max [(2)] )

&
)

Here de(.) denotes the Euclidean diameter of a set.
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To prove the upper bound we will give a result of seperate interest:
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To prove the upper bound we will give a result of seperate interest:

Theorem

Let Q be a strongly pseudoconvex domain with C?“-boundary. For any
complex geodesic v : A — Q parametrized so that

da(¢(0)) = maxcen da(¢(C)) and z,w € ¢(A) we have

”(” ”+W+uz—qu de() (3)
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To prove the upper bound we will give a result of seperate interest:

Theorem

Let Q be a strongly pseudoconvex domain with C?“-boundary. For any
complex geodesic v : A — Q parametrized so that

da(¢(0)) = maxcen da(¢(C)) and z,w € ¢(A) we have

”(” “+W+uz—wrv de() (3)

v

Note that this result complements a result of Kosinski-Nikolov and also a
result of Huang.
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Corollaries

Recall the crucial estimate given by Balogh and Bonk:
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Corollaries

Recall the crucial estimate given by Balogh and Bonk:

Theorem
Let Q be a strongly pseudoconvex domain with C?-boundary, there exists a
constant C > ¢ > 0 depending on 2 such that

gﬂ(za W) -C < kQ(Z7 W) < gQ(z7 W) + €.
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Corollaries

Recall the crucial estimate given by Balogh and Bonk:

Theorem

Let Q be a strongly pseudoconvex domain with C?-boundary, there exists a
constant C > ¢ > 0 depending on 2 such that

gﬂ(za W) -C < kQ(Z7 W) < gQ(z7 W) + €.

Here,

B dH (n(z), m(w)) + max{65/?(z), 65> (w)}
galz, W) =2log ( ’ (59(2)5Q(W);21/4 ’

where d}(.,.) is the distance obtained by the Carnot-Carathéodory metric
on 0N.
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Let Q be a strongly pseudoconvex domain with C>® boundary and set
Aq(z,w) = ||(z = w),|| + ||z — wl||? + ||z — w]|[\/da(z). Our main result

implies

ka(z,w) = log (AQ(Z’ W)+ 59(2)6Q(W)> + O(1).

da(z)da(x)
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Let Q be a strongly pseudoconvex domain with C>® boundary and set
Aq(z,w) = ||(z = w),|| + ||z — wl||? + ||z — w]|[\/da(z). Our main result

implies

kQ(Z’W):IOg<AQ(z,W)+ 59(2)5Q(W)> o).

da(z)da(x)

One may observe that

df (7 (z2), m(w)) = \/HW(Z) — (W) + [[(7(2) = 7(w))a(z) I
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Let Q be a strongly pseudoconvex domain with C>® boundary and set
Aq(z,w) = ||(z = w),|| + ||z — wl||? + ||z — w]|[\/da(z). Our main result
implies

AQ(Z, W) + 59(2)5Q(W)
/) ) o).

ka(z,w) = log <

One may observe that
dl (m(2), m(w)) = \/HW(Z) —a(w)[I* + [[(7w(2) = 7(w))r(z) |- Using this
fact we show that

(z, w) 4+ /0a(2)da(w) =< db(n(z), 7(w))? + max{da(z), da(w)}

so on C>“-smooth case we get the estimate of Balogh-Bonk as a corollary.

Ahmed Yekta Okten Université Paul SabatielEstimates of invariant distances on strongly p 14.07.2023 11/26



Recall the well-known estimates of the Kobayashi-Royden metric by Ma:
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Recall the well-known estimates of the Kobayashi-Royden metric by Ma:

il vl

= ka(x;v), xe€Q, veC

da(x) da(x)
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Recall the well-known estimates of the Kobayashi-Royden metric by Ma:

il vl

da(x) da(x)

= ka(x;v), xe€Q, veC

It is known by Pang that the Kobayashi-Royden metric is the " derivative”
of the Lempert function.
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Recall the well-known estimates of the Kobayashi-Royden metric by Ma:

il vl

= ka(x;v), xe€Q, veC
50 (x) ) a(x;v)

It is known by Pang that the Kobayashi-Royden metric is the " derivative”
of the Lempert function. Observe that our estimate for the Lempert
function yields the estimate given above for the Kobayashi-Royden metric.
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Recall the well-known estimates of the Kobayashi-Royden metric by Ma:

il vl

da(x) da(x)

It is known by Pang that the Kobayashi-Royden metric is the " derivative”
of the Lempert function. Observe that our estimate for the Lempert
function yields the estimate given above for the Kobayashi-Royden metric.
Similar reasoning allows us to reobtain similar estimates for the Bergman

metric as well.

= kao(x;v), x€Q, veC"
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We can say even more. Our bounds for the diameter of the complex
geodesics give the following:
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We can say even more. Our bounds for the diameter of the complex
geodesics give the following: Let Q be a strongly pseudoconvex domain
with C>®-boundary and ¢ : A — Q is a complex geodesic parametrized so

that maxcea da(2(C)) = da(2(0)). Then

de(p(A)) = V/da(e(C)) + (@' (el 1" (I
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We can say even more. Our bounds for the diameter of the complex
geodesics give the following: Let Q be a strongly pseudoconvex domain
with C>®-boundary and ¢ : A — Q is a complex geodesic parametrized so

that maxcea da(2(C)) = da(2(0)). Then

de(p(A)) = V/da(e(C)) + (@' (el 1" (I

In particular, at dp we have

de(p(A)) = (" ())e) I/ 1" (NII-
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Before we sketch our proofs let us note that if Q = B” then

og (1 . (H(z — )| + |z - wWQ(z)>> < k(W)

da(z)da(w)
“ log (1 c (H(z —wel| 4z — W;ng(z)» Cswea
da(z)da(w)
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Before we sketch our proofs let us note that if Q = B” then

og (1 . (H(z — )| + |z - WH\/5Q(Z)>> < k(W)

da(z)da(w)
“ log (1 c (H(z —wel| 4z — wrr\/aﬂ(z)» Cswea
59(2)5Q(W)

On the other hand, if Q = {Re(4z; — z3) + |422|2 < 0} is a pseudoconvex
domain and for points z = (4,0), w = (0, €) with §/¢? tending to zero we

have [|(z — w).[| + v/da(2)llz — w] is o(llz — w]]?).
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independent interest.

We were able to show the following proposition which is also of
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We were able to show the following proposition which is also of
independent interest.

Proposition
Let p be a C2-smooth boundary point of a domain Q in C”. Then the
following conditions are equivalent:

Q Q is strongly linearly convex at p;
@ liminfas, ., , JE=Weltlz—wlv/a()
Z,W—p

lz—w]l?

Q@ liminfos, ., IE="el > 0.
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We were able to show the following proposition which is also of
independent interest.

Proposition

Let p be a C2-smooth boundary point of a domain Q in C”. Then the
following conditions are equivalent:
Q Q is strongly linearly convex at p;

o )
Q liminfos, wp l|(z=w)e||+]lz— w||\/Q—

lz—w]l?

Q liminfos, ., [E=2ll > 0.

v

Hence, if Q is strictly linearly convex with C>“-boundary then there exists
C > c> 0 with

og (1 . (H(z — W)l + ||z - WH\/5Q(Z)>> < ko, w)

da(z)da(w)
“log (1 c (H(z —wal + |z - WH\/5Q(Z)>> Cswea
da(z)da(w)
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Methods

Most of the estimates we will consider are going to be critical on the

tangential case. We will exploit the behaviour of complex geodesics of
strongly pseudoconvex domains.
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Methods

Most of the estimates we will consider are going to be critical on the
tangential case. We will exploit the behaviour of complex geodesics of
strongly pseudoconvex domains. Using the "Lemma"” below we will be
able to localize our problems.

Lemma:

Let Q be a strongly pseudoconvex domain with C%“-boundary.

@ Let € > 0 be small enough and z,w € Q be Fomts satisfying
|z = wll < & 8a(z) < e da(w) < e HEZZDH
the image of a complex geodesic chW

< e. Then z, w lies on

@ For € > 0 small enough, if z, w € Q are points satisfying ||z — w|| <,

0a(z) <€ da(w) <k, (”z W)” < € then there exists a unique real
geodesic joining z to w. Furthermore, that real geodesic is induced
from a complex geodesic.

© We have a constant C depending on £2 such that for any complex
%eodesm @ : A — Q with Euclidean diameter less than ¢, we have
Ceoydll < Ce for any x £ y € p(A).
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Let z,, w, € Q be sequences tending to p € 9Q with

(zn — Wn)z,||/l|2zn — wa|| tending to zero. Then by the lemma above we
have that they lie on complex geodesics ¢, : A — Q whose diameters tend
to zero. Let x, € ¢n(A) be the point that maximizes the boundary
distance, set p, = mq(xn)-
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Let z,, w, € Q be sequences tending to p € 92 with

(zn — Wn)z,||/l|2zn — wa|| tending to zero. Then by the lemma above we
have that they lie on complex geodesics ¢, : A — Q whose diameters tend
to zero. Let x, € ¢n(A) be the point that maximizes the boundary
distance, set p, = mq(xn)-

After a series of "local” biholomorphisms we have that

Xn = (L= s5 +7n52,0") (|7n] < C <), pp=p=(1,0,...,0) and Q
near p is of the form

Q= {1 |lz* + O(l|z - p|***) < 0}

so p is a strictly convex boundary point. In particular ¢, lies on a strictly
convex neighbourhood of Q N U, of p. Thus it is a geodesic of Q N U,,.
Here U,'s are uniformly close in C%®-topology.
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Let z,, w, € Q be sequences tending to p € 92 with

(zn — Wn)z,||/l|2zn — wa|| tending to zero. Then by the lemma above we
have that they lie on complex geodesics ¢, : A — Q whose diameters tend
to zero. Let x, € ¢n(A) be the point that maximizes the boundary
distance, set p, = mq(xn)-

After a series of "local” biholomorphisms we have that

Xn = (L= s5 +7n52,0") (|7n] < C <), pp=p=(1,0,...,0) and Q
near p is of the form

Q= {1 |lz* + O(l|z - p|***) < 0}

so p is a strictly convex boundary point. In particular ¢, lies on a strictly
convex neighbourhood of Q N U, of p. Thus it is a geodesic of Q N U,,.
Here U,'s are uniformly close in C%®-topology.

Note that these transformations verify

1F(2) = F(W)llFz) + IF(2) = F(W)Ily/dF@)(F(2)) + [F(2) = F(w)|| <

Iz = wll + 1z = wll\/da(2) + |z — w]]?.
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Now we recall the automorphisms of the ball:

A(z) =

z+t
1+tz’

=] & = E DA
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Now we recall the automorphisms of the ball:

At(z)z(z+t e ? >

1+tz’ 1+ tz

As U, are close in C>“-topology we can observe the following.
O A 1N U,) tend to the ball in Hausdorff topology.

@ Forany 8> —1, A;1(QN U,) N {Rez; > B} converges to B” in
C%“-sense. (uniformly for each n)
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Now, Lempert showed the following: Let Q, be a sequence of C>*-smooth
strictly convex domains converging to a strictly convex domain €2, then
their complex geodesics converge to complex geodesics of Q in C1®-sense.
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Now, Lempert showed the following: Let Q,, be a sequence of C>*-smooth
strictly convex domains converging to a strictly convex domain €2, then
their complex geodesics converge to complex geodesics of Q in C1®-sense.
Using this fact, we could show the following. Choosing t, " carefully” we
see that ¢, = A;l o ¢, tends in C1“-sense to a geodesic of the ball, say

¥(¢) = (0,¢,0, ...,0) up to rotation.
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Let z,, w, € ©n(A) be arbitrary and x, € ¢,(A) with the maximal
boundary distance point. Using the explicit form of At_n1 we observe the
following:
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Let z,, w, € ©n(A) be arbitrary and x, € ¢,(A) with the maximal
boundary distance point. Using the explicit form of At_n1 we observe the
following:

120 = wall < |2 — Wall\/1 — 3

(1 - t2)d0,(Zn) < da(zn) < (1 - t3)da, (),

da(xn) = (1 — t2).
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Let z,, w, € ¢n(A) be arbitrary and x, € ¢,(A) with the maximal
boundary distance point. Using the explicit form of At_n1 we observe the
following:

zn — Wall < (|2, — Wall4/1 — t3
(1—t2)60,(Z) < da(za) S (1 — t7)da,(Zn),
da(xn) < (1 — tﬁ)

These estimates allowed us to carry the behaviour of the real and complex
geodesics of the ball to C?“-strongly pseudoconvex domains.
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Scaling has been a widely used tool, let us mention two of the technical
differences in our proofs:
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Scaling has been a widely used tool, let us mention two of the technical
differences in our proofs:

@ In order to show that @, tends to ¢(¢) = (0,¢,0,...,0) in
Ch*-topology we needed to carefully chose the points with respect to
which we scale with.
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Scaling has been a widely used tool, let us mention two of the technical
differences in our proofs:

@ In order to show that @, tends to ¢(¢) = (0,¢,0,...,0) in
Ch*-topology we needed to carefully chose the points with respect to

which we scale with.

@ We were also able to observe the behaviour of ||(z — w),|| in detail,
after the local biholomorphisms in the construction and also the

scaling.
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Sketch of the proof of the lower bound in our main theorem:
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Sketch of the proof of the lower bound in our main theorem: Using
certain localizations of the Kobayashi distance we may assume that Q is a
strictly convex domain with C>®-boundary. Let ¢ : A — Q be a complex
geodesic.
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Sketch of the proof of the lower bound in our main theorem: Using
certain localizations of the Kobayashi distance we may assume that Q is a
strictly convex domain with C>®-boundary. Let ¢ : A — Q be a complex
geodesic.

cll¢ =l
ka(p(C), p(w)) = ka(¢,w) = log (1 + 51A/2(C)51A/2(W))
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Sketch of the proof of the lower bound in our main theorem: Using
certain localizations of the Kobayashi distance we may assume that Q is a
strictly convex domain with C>®-boundary. Let ¢ : A — Q be a complex
geodesic.

cll¢ =l
ka(p(C), p(w)) = ka(¢,w) = log (1 + 51A/2(C)51A/2(W)>

>log 1+ cDa(#)[l¢(¢) — (W) ) ‘
g< (maXzeAH(,O/(Z)H) 1/2( ( ))5;2/2((’0(&;))
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By Kosinski-Nikolov we have ||¢(¢) — p(w)|| =

[((¢) = p(wW)) ol
de ()

=] & = E DA
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By Kosinski-Nikolov we have [|o(¢) — o(w)]| 2> [((C) ; ((pgi;d))(p@)”'

Using scaling we proved that
1
Da(¢) = de((A)) = max ' (2)]

for any complex geodesic in 2 parametrized so that maximal boundary
distance is attained at the origin.
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By Kosinski-Nikolov we have ||¢(¢) — p(w)|| = (e (<) ; ((PQLESU))W(C)H'

Using scaling we proved that

de(ip(8)) = max [(2)]

S
)

for any complex geodesic in €2 parametrized so that maximal boundary
distance is attained at the origin. These estimates imply that we can
continue the inequality in the slide above to get

ell(@(¢) — (@) ||>
652 ((0))o¢ > ((w))

ka(¢(C), p(w)) > log (1 +
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By Kosinski-Nikolov we have ||¢(¢) — p(w)|| = (o (<) ; ((‘Og();d))‘?(c)”'

Using scaling we proved that

de(ip(8)) = max [(2)]

&
¢

for any complex geodesic in €2 parametrized so that maximal boundary
distance is attained at the origin. These estimates imply that we can
continue the inequality in the slide above to get

ell(@(¢) — (@) ||>
652 ((0))o¢ > ((w))

ka(¢(C), p(w)) > log (1 +

Hence we proved

59(2)5Q(W)

The lower bound follows by combining this lower bound with an estimate
of Nikolov-Thomas.
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Sketch of the upper bound in our main theorem: We recall the
following upper bound by Nikolov-Andreev,

Cllz — w]|

ka(z,w) <'log | 1+ da(z)da(w)

, zZ,w € Q.
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Sketch of the upper bound in our main theorem: We recall the
following upper bound by Nikolov-Andreev,

Cllz — w]|
ka(z,w) <log |1+ ————= ], z,we .
da(2)oa(w)

If z,w are "far" then ||z — w|| < ||z — w||?. If z, w tend to an interior
point ||z — w|| < ||z — wl[y/dq(z). If z, w tend to a boundary point
complex transversally then ||z — w|| < ||[(z — w);||. Hence, in these cases
the upper bound follows from the Nikolov-Andreev estimate.
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We see that the upper bound can only fail for sequences z,, w, € Q be
sequences tending to p € 9Q with ||(z, — wp), ||/ ||zn — wx|| tending to
zero. Let ¢, be the complex geodesic z,, w, is contained in.
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We see that the upper bound can only fail for sequences z,, w, € Q be
sequences tending to p € 9Q with [|(z, — Wn)z,||/]|zZn — wal| tending to
zero. Let ¢, be the complex geodesic z,, w,, is contained in. Using scaling
and Nikolov-Andreev estimate we get

Cl|zn — wallde(¥n)
5Q(Zn)5Q(Wn)

ka(zn, wn) <log | 1+
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We see that the upper bound can only fail for sequences z,, w, € Q be
sequences tending to p € 9Q with [|(z, — Wn)z,||/]|zZn — wal| tending to
zero. Let ¢, be the complex geodesic z,, w,, is contained in. Using scaling
and Nikolov-Andreev estimate we get

ka(zn, wp) < log <1 ! CHZgQ_(ZW)nCSHQd(eV(VSO)n)) |

It remains to apply our estimate ”(Zz “ell 4\ f8a(2) + |1z — w|| < de()-

wll
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