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Plan

Interpolation Complex Geometry Operator Theory.

Interpolation problems are in fact geometric problems, and geometry provides the right
language to solve operator-theoretic questions (and vice versa).
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The interpolation problem

Fix points
λ1, . . . , λN ∈ D

and target values
w1, . . . , wN ∈ D.

Question
Does there exist a holomorphic map

φ : D → D

such that
φ(λi) = wi , i = 1, . . . , N?

Without the constraint φ(D) ⊂ D, this is just polynomial interpolation. The whole problem is
the norm constraint.
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The interpolation problem

The problem is infinite-dimensional:

φ ∈ H∞(D).

Equivalently, Pick’s theorem computes

inf{∥φ∥∞ : φ(λi) = wi , i = 1, . . . , N}.

4 / 46



Pick’s theorem

Theorem (Pick, 1916)
There exists φ : D → D with

φ(λi) = wi , i = 1, . . . , N,

if and only if the Pick matrix [
1 − wiwj

1 − λiλj

]N

i ,j=1

is positive semidefinite.

A function-theoretic problem has a finite-dimensional linear-algebraic answer.
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Extremal solutions

If the smallest possible norm is 1, then the Pick matrix is singular.

In that case the extremal interpolating function is unique and is a finite Blaschke product:

φ(z) = c
M∏

k=1

z − ak
1 − akz , |c| = 1, ak ∈ D.

Thus the extremal function satisfies

|φ(ζ)| = 1 for ζ ∈ ∂D.

Interpretation
The best bounded interpolant is forced to live on the boundary as much as possible.
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Why engineers care

In control theory one studies a physical system, called a plant.

u P y

Here
u = input signal, y = output signal.

The plant is treated as a black box: we do not necessarily model its internal mechanics, only
its response to input signals.
The input is a Cr -valued function u(t).
We measure this only at discrete times of separation h, and then un is just the value
of u(nh).
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Plant

u P y

uk = 0, k ≤ n, =⇒ yk = 0, k ≤ n (causality),
Time invariance (shift input =⇒ shift output)
Stability (energy does not increase indefinitely)
Linearity.
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From signals to analytic functions

For discrete time, an input signal is a sequence

u = (u0, u1, u2, . . .), of finite energy ||u|| =
∑

|un|2.

The z-transform sends it to
û(z) =

∞∑
n=0

unzn.

Finite-energy signals correspond to the Hardy space,

||û||2 = sup
0<r<1

1
2π

∫ 2π

0
|û(reiθ)|2dθ = lim

r→1

∑
r2n|an|2.

H2 =
{

f (z) =
∞∑

n=0
anzn :

∞∑
n=0

|an|2 < ∞
}

.
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Stable systems are H∞ multipliers

If the plant is stable, then
1 7→ P(z),

where

P ∈ H∞(D).

Under the standard assumptions of causality, time invariance, stability and linearity, the plant
acts as multiplication:

ŷ(z) = P(z)û(z).

Then, multiplication by P defines a bounded operator

MP : H2 → H2, MP f = Pf .
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∥MP∥2 = sup
||f ||H2 <1

sup
0<r<1

1
2π

∫ 2π

0
|f (reiθ)P(reiθ)|2dθ ≤ ∥P∥∞ = sup

z∈D
|P(z)|.

Similarly
∥MP∥ = ∥P∥∞.

Bridge
A stable linear control system becomes an operator on Hardy space.

f 7→ Pf .

Its norm is ∥P∥∞.

This is the point where engineering meets complex analysis.
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Real plants are subject to some unknown noise, whose effects are modulated by some other P

u P + y

We

The purpose of introducing a compensator (controller) is that we cannot change the plant, but
we can design the compensator.
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Feedback and the compensator

u − C P + y

We

The compensator/controller C is what we are allowed to design.
y = PC(u − y) + We.
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The design problem

Solving the feedback equations gives

y = (I + PC)−1PCu + (I + PC)−1We.

Then the noise-reduction problem becomes to minimize ∥(I + PC)−1W ∥, which after some
substitutions is to minimize ∥H∥∞

H(λj) = Co(λj), j = 1, . . . , N.

Conclusion
The control problem becomes a Nevanlinna–Pick interpolation problem.

The same philosophy in Crouzeix conjecture etc.
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The model-matching problem

For scalar rational data, one is led directly to Pick interpolation.

For matrix-valued data, one is led to matrix-valued interpolation and operator theory.

Pick’s theorem is not just a classical curiosity.
It is a model problem for H∞ control.
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The Hardy space proof

Now return to pure mathematics.

The Hardy space is

H2 =
{

f (z) =
∞∑

n=0
anzn :

∞∑
n=0

|an|2 < ∞
}

.

For φ ∈ H∞(D), multiplication by φ gives

Mφf = φf .

Moreover
∥Mφ∥ = ∥φ∥∞.

Thus Pick’s problem asks for a contractive multiplier with prescribed values.
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The Szegő kernel

For λ ∈ D, define
kλ(z) = 1

1 − λz
.

Then
f (λ) = ⟨f , kλ⟩H2 .

So kλ represents the point-evaluation functional.

Also,
M∗

φkλ = φ(λ)kλ.

Key idea
The interpolation values become eigenvalues of adjoint multiplication operators.
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Necessity of the Pick condition – Sarason’s insight
Assume

∥φ∥∞ ≤ 1, φ(λi) = wi .

Then
I − MφM∗

φ ≥ 0.

Test this positivity on vectors of the form
∑N

i=1 cikλi .
Using

M∗
φkλi = wikλi

and
⟨kλj , kλi ⟩ = 1

1 − λiλj
,

we obtain exactly [
1 − wiwj

1 − λiλj

]
≥ 0.
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Sarason’s insight

Let
M = span{kλ1 , . . . , kλN }.

The Pick matrix condition says that a certain operator

R : M → M, Rkλi = wikλi ,

is a contraction.

The missing step is extension:

R ⇝ M∗
φ on all of H2.

Sarason’s theorem says that this can be done while preserving the norm and commuting with
the backward shift.
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The model formula – Consequence of Pick’s theorem:
Every Schur function satisfies

1 − ϕ(µ)ϕ(λ) = (1 − µ̄λ)⟨uλ, uµ⟩,

where ⟨uλ, uµ⟩ is a positive kernel.

▶ This is equivalent to the following: ϕ : D → D holomorphic if and only if there is a Hilbert
space M and an isometry

U =
(

A B
C D

)
: C ⊕ M → C ⊕ M

such that for all λ ∈ D
ϕ(λ) = A + Bλ(1 − Dλ)−1C

.
▶ The same is true if Φ : D → ball(B(H)). Then U : H ⊕ M → H ⊕ M.
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Interpretation:
all complexity of ϕ is encoded in vectors uλ;
positivity becomes geometry in a Hilbert space.
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Moving to the bidisc

Now

λ = (λ1, λ2) ∈ D2.

The classical Pick kernel

1 − ϕ(µ)ϕ(λ)
1 − µ̄λ

has no analogue.
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Agler’s decomposition

The correct replacement is

1 − ϕ(µ)ϕ(λ) = (1 − µ̄1λ1)A1(λ, µ) + (1 − µ̄2λ2)A2(λ, µ),

where

A1, A2

are positive kernels.

This is the bidisc analogue of the model formula.
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What really changes?

The proof on the bidisc follows almost exactly the same strategy as in
one variable.

1 Assume interpolation fails.
2 Separate by Hahn–Banach.
3 Construct a Hilbert space.
4 Build commuting contractions.
5 Problem — how to use an operator inequalities.

The only essential difference
A crucial step: Andô’s inequality.
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The key ingredient

For one contraction:

∥ϕ(T )∥ ≤ ∥ϕ∥∞.

(von Neumann)

For two commuting contractions:

∥ϕ(T1, T2)∥ ≤ sup
D2

|ϕ|.

(Andô)

This single theorem allows the entire proof to go through.
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Andô’s inequality

For integers m, d , N, define

C(m, d , N) = sup {∥p(T1, . . . , Tm)∥} ,

where p ranges over all polynomials of degree at most N satisfying supz∈Dm |p(z)| ≤ 1, and
(T1, . . . , Tm) ranges over all commuting contractions acting on a d-dimensional Hilbert space.
Known results:

C(1, d , N) = 1 (von Neumann)
C(2, d , N) = 1 (Andô)
C(3, 5, 2) ≥ 3

√
3

5 (Kaijser–Varopoulos)

C(m, d , N) =??
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From Andô to interpolation

Andô’s inequality implies

I − ϕ(T )∗ϕ(T ) ≥ 0.

This gives positivity of the separating functional.
Hence

1 − ϕ(µ)ϕ(λ)

must admit an Agler decomposition.

Therefore

Andô =⇒ Model Formula =⇒ Interpolation.
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The interpolation theorem on the bidisc

Given

λi ∈ D2, wi ∈ D,

there exists

ϕ ∈ H∞(D2), ∥ϕ∥∞ ≤ 1,

iff there exist positive matrices A(1), A(2) satisfying

1 − wiwj = (1 − λ1
i λ1

j )A(1)
ij + (1 − λ2

i λ2
j )A(2)

ij .

This is Agler’s interpolation theorem.
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Modern directions in Pick interpolation

Current topics include
interpolation on distinguished varieties;
constrained and matrix-valued interpolation;
interpolation on the symmetrized bidisc and other non-convex domains;
Schur–Agler classes and transfer-function realizations;
free (noncommutative) interpolation;
interpolation in reproducing kernel Hilbert spaces.

Representative contributions include work of

Agler, McCarthy, Ball, Trent, Young, Lykova, Knese, Helton, . . .
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Schwarz–Pick as a two-point theorem

The hyperbolic distance on the disk is

ρD(z , w) = 2 tanh−1
∣∣∣∣ z − w
1 − zw

∣∣∣∣ .
If φ ∈ O(D,D), then

ρD(φ(z), φ(w)) ≤ ρD(z , w).

Interpolation form
There exists φ : D → D with

φ(z1) = w1, φ(z2) = w2

if and only if the displayed distance inequality holds.
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Equality is rigidity
If equality holds in Schwarz–Pick for two distinct points, then φ is an automorphism of the
disk.

So a two-point extremal problem has a very rigid solution:

φ ∈ O(D,D) =⇒ ρD(φ(z1), φ(z2)) ≤ ρD(z1, z2).

source disk

z1

z2

φ

target disk

w1

w2

This rigidity is the seed of Lempert theory.
31 / 46



Holomorphically invariant distances

Let G be the class of all domains in all Cn’s.

A family {dΩ : Ω ∈ G} is holomorphically invariant if

dD = ρD

and, for every holomorphic map F : Ω1 → Ω2,

dΩ2(F (z), F (w)) ≤ dΩ1(z , w).

Principle
Every such distance is a built-in obstruction to two-point interpolation.
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Two extremal distances

▶ For a domain Ω ⊂ Cn, define the Carathéodory distance

cΩ(z , w) = sup{ρD(F (z), F (w)) : F ∈ O(Ω,D)}.

This is equivalent to a 2-point interpolation problem Ω → D.

▶ Lempert function

ℓΩ(z , w) = inf{ρD(0, σ) : ∃f ∈ O(D, Ω), f (0) = z , f (σ) = w}.

This is equivalent to a 2-point interpolation problem D → Ω.
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Two extremal interpolation problems

These are two natural ways to study two-point interpolation.

Carathéodory
Find

F : Ω → D

sending
z1, z2

as far apart as possible.

Lempert
Find

f : D → Ω

joining
z1, z2

using as small a distance in the disc as
possible.

These give rise to the Carathéodory distance and the Lempert function.

F : Ω → D f : D → Ωdual viewpoints
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Lempert’s theorem

Always
cΩ(z , w) ≤ dΩ(z , w) ≤ ℓΩ(z , w),

Theorem (Lempert)
If Ω ⊂ Cn is convex, then

cΩ = ℓΩ.

In particular, on a convex domain there is only one natural intrinsic distance between the two
extremal constructions.
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Lemert’s theorem
If Ω is bounded and convex, then for every pair z , w ∈ Ω there are maps

f : D → Ω, F : Ω → D, z , w ∈ f (D),

D Ω

f

F

F ◦ f = idD

f is called a complex geodesic.

Every two-point extremal interpolation problem reduces to the unit disc.
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Lempert as two-point interpolation
Fix two points z1, z2 ∈ Ω.

Lempert’s theorem says that for bounded convex Ω there are λ1, λ2 ∈ D, an analytic disk
f : D → Ω, and a holomorphic left inverse F : Ω → D such that

f (λj) = zj , F (zj) = λj , j = 1, 2,

and
F ◦ f = idD .

Interpolation reading
The two minimal interpolation problems

Ω → D, zj 7→ λj , and D → Ω, λj 7→ zj

are dual.
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Beyond interpolation

Consequences of Lempert’s theorem go far beyond interpolation.

Among many directions:
intrinsic geometry of complex domains

regularity and boundary behaviour of the Kobayashi distance

estimations and localization of invariant metrics

rigidity phenomena for holomorphic maps

applications to study of real geodesics.

Studied among others by Nikolai Nikolov, J. E Fornaess, P. Pflug, W. Zwonek, P. J. Thomas.,
F. Bracci, L. Arosio, M. Fiacchi.
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From two points to three points

D3

λ1

λ2

λ3

φ

D

z1 z2

z3

λj ∈ D3
zj ∈ D
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From two points to three points

Lempert’s theorem gives a complete geometric description of extremal two-point interpolation.
The same holds for the three-point problem in the polydisc and in the ball.

Theorem
Every function interpolating a non-degenerate extremal three-point Pick problem on the
polydisc is a left inverse to a 3-complex geodesic, that is there are

f : D −→ Dn, F : Dn −→ D,

such that f passes through the nodes λi and

F ◦ f : D → D = Blaschke product of degree 2.

Hence extremal three-point interpolation is completely governed by the geometry of complex
geodesics.
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Why is this useful?

The geometric description leads to several consequences.

explicit formulas for extremal interpolants;
rational inner interpolating functions;
reduction of the problem to the 2-dimensional case — an interpolating function is
a finite composition of functions depending on two F (xi , xj);
uniqueness varieties.

It also has applications in operator theory.
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Back to operator theory - Finite-dimensional von Neumann inequalities

C(m, d , N) = sup {∥p(T1, . . . , Tm)∥} ,

where p are polynomials of degree at most N, supz∈Dm |p(z)| ≤ 1, and (T1, . . . , Tm) are on
d-dimensional Hilbert space, TiTj = TjTi , ∥Ti∥ ≤ 1.
Known results:

C(1, d , N) = 1 (von Neumann)
C(2, d , N) = 1 (Andô)
C(m, 2, N) = 1 (Drury)
C(m, d , 2) ≤ 2G (Davie)

sup
m,d

C(m, d , 2) ≥ G (Varopoulos)

C(3, 5, 2) ≥ 3
√

3
5 (Kaijser–Varopoulos)

sup
m,d

C(m, d , 3) = ∞ (Varopoulos).
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von Neumann inequality for 3 by 3 matrices

What is C(m, 3, N)?

Geometry solves an operator-theoretic problem:

Theorem
C(m, 3, N) = 1.

Idea: it is enough to apply Andôs inequality finitely many times.

von Neumann inequality for 3 × 3 matrices:
If A1 . . . , An are commuting 3 × 3 matrices and F : Dn → D then there are H1, H2 : D2 → D
such that

F (A1, . . . , An) = H1(H2(Ai1 , Ai2), Ain)
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Uniqueness varieties

The uniqueness variety in Dn is either a graph over a lower dimensional polydisc or is of the
form

{(z1, z2, α3(z1, z2), . . . , αn(z1, z2))} ∩ Dn,

where
(†) αi(x , y) = Aix + Biy − xy

B̄ix + Āiy − 1
and that are connected with each other: they form and edge tuple:

∃ω, η ∈ T ∀i Ai + ωBi = η.

We can change the coordinates and write it as {(β1(zi , zj), . . . , zi , . . . , zj , . . . , βn(zi , zj)},
where βi are of the form (†).
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D3

V

λ1

λ2

λ3

Three-point extremal problem
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Ω a domain in Cn. V is algebraic in Ω.

V is an extension set in Ω if any holomorphic f : V → D extends to holomorphic F : Ω → D.

Theorem
If V is an extension set in Dn, than it is a graph over D’s and the uniqueness varieties.

W is a graph over M if there is holomorphic f : M → Dl such that W = {(x , f (x)) : x ∈ M}.

The uniqueness variety is a distinguished quadratic surface:
{(z1, z2, α3(z1, z2), . . . , αn(z1, z2))} ∩ Dn, where αi(x , y) = Ai x+Bi y−xy

B̄i x+Āi y−1 and that are connected
with each other: they form and ∃ω, η ∈ T ∀i Ai + ωBi = η.
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