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Burns—Krantz Theorem



Motivation

Theorem (Cartan’s Uniqueness Theorem ’31)

Let D C C" is a bounded domain, F : D — D is a holomorphic
map. If there exists a zy € D such that

F(z)=z+o(||lz—z||) asz— z

then F =id|p on D.



Motivation

Theorem (Cartan’s Uniqueness Theorem ’31)

Let D C C" is a bounded domain, F : D — D is a holomorphic
map. If there exists a zy € D such that

F(z)=z+o(||lz—2z]|]) asz— z
then F =id|p on D.

What happens if we assume the point z is in the boundary 9D?



Burns—Krantz Theorem

Theorem ([Burns & Krantz 1994

Let D C C" be a bounded strongly pseudoconvex domain with a
C®-smooth boundary, and let zy € OD. Suppose F: D — D is
holomorphic and satisfies

F(z)=z+o(||z - z|]) as z — 2.

Then F = idp.



Burns—Krantz Theorem

Theorem ([Burns & Krantz 1994

Let D C C" be a bounded strongly pseudoconvex domain with a
C®-smooth boundary, and let zy € OD. Suppose F: D — D is
holomorphic and satisfies

F(z)=z+o(||z - z|]) as z — 2.

Then F = idp.

e The index 3 is optimal.
e This result was new even in C for the unit disc D.

e After this theorem many Burns—Krantz type rigidity results
were established ([F. Rong 2026] latest survey).



Burns—Krantz Theorem

Theorem ([Zimmer 2022

Let D c C" be a bounded convex domain with a C2-smooth

boundary. If F : D — D is a holomorphic map, let zg € 0D be
such that

F(z)=z+o(||z—2]|*) asz— z
Then F =id |p.



Burns—Krantz Theorem

Theorem ([Zimmer 2022

Let D c C" be a bounded convex domain with a C2-smooth

boundary. If F : D — D is a holomorphic map, let zg € 0D be
such that

F(z) :z—i—o(||z—zo||4) as z — zg
Then F =id |p.

e This result makes no assumptions on the domain to be
strongly convex or finite type.

e |t is unclear that if the index 4 can be improved to 3.



Burns—Krantz Rigidity Using
Lempert Theory



Burns—Krantz Map

D C C" be a bounded domain, let F : D — D be a holomorphic,
and let zg € 9D be such that

F(z)=z+o(||lz— z]||") asz— 2z

we call such a map the Burns—Krantz map with exponent n at
zp € OD.



Burns—Krantz Map

D C C" be a bounded domain, let F : D — D be a holomorphic,
and let zg € 9D be such that

F(z)=z+o(||lz— z]||") asz— 2z

we call such a map the Burns—Krantz map with exponent n at

zp € OD.

When a Burns-Krantz map turns out to be only identity map then
such a rigidity phenomenon is called a Burns—Krantz rigidity.

In our talk, we will be dealing with the Burns—Krantz map with
exponent 3.



Lempert Theory

Let D C C" be a domain, a holomorphic mapping ¢ : D — D is a
complex geodesic if there exists a holomorphic left inverse
F : D — D such that F o ¢ € Aut(D).



Lempert Theory

Let D C C" be a domain, a holomorphic mapping ¢ : D — D is a
complex geodesic if there exists a holomorphic left inverse

F : D — D such that F o ¢ € Aut(D).

In the proof of Lempert Theorem [Lempert 1981], i.e. the equality
of Kobayashi and Carathéodory distance or metric for convex or
strongly linearly convex domain, it is shown that for any pair of
distinct points there exists a Kobayashi extremal map, which
turned out to be a complex geodesic containing these two points.
Moreover, a left inverse to such a complex geodesic was implicitly
constructed. Such a left inverse has affine fibers.



Lempert Theory

Let D C C" be a domain, a holomorphic mapping ¢ : D — D is a
complex geodesic if there exists a holomorphic left inverse

F : D — D such that F o ¢ € Aut(D).

In the proof of Lempert Theorem [Lempert 1981], i.e. the equality
of Kobayashi and Carathéodory distance or metric for convex or
strongly linearly convex domain, it is shown that for any pair of
distinct points there exists a Kobayashi extremal map, which
turned out to be a complex geodesic containing these two points.
Moreover, a left inverse to such a complex geodesic was implicitly
constructed. Such a left inverse has affine fibers.

A left inverse F to o is called Lempert left inverse if

FYA)ND=H\ND

for A € D and for some affine hyperplane H,.



Zwonek’s Lemma

Lemma ([Zwonek 2025

Let D C C" be a bounded domain, zo € 0D, and let F : D — D
be a Burns—Krantz map at zj.

Assume that ¢ : D — D is a complex geodesic that is Lipschitz
continuous at 1 and ¢(1) = zy, and let G : D — D be a left
inverse to  that is Lipschitz continuous at zj.

Then G is a left inverse to F o ; in particular, F o ¢ is a complex
geodesic.




Zwonek’s Lemma

Lemma ([Zwonek 2025

Let D C C" be a bounded domain, zo € 0D, and let F : D — D
be a Burns—Krantz map at zj.

Assume that ¢ : D — D is a complex geodesic that is Lipschitz
continuous at 1 and ¢(1) = zy, and let G : D — D be a left
inverse to  that is Lipschitz continuous at zj.

Then G is a left inverse to F o ; in particular, F o ¢ is a complex
geodesic.

e Using this lemma and precise knowledge of complex geodesic
and its left inverse, Burns-Krantz rigidity was established for
non-smooth boundary points of D" and Shilov boundary
points of symmetrized bidisc.

e For smooth boundary points of D”, Burns-Krantz rigidity was
established by [Ng & Rong 2025]



Main Theorem




Main Theorem

Theorem (C. 2026)

Let £, C C" be a convex complex ellipsoids with p; = {1/2,1} for
allje{1,...,n}. Let F: &, — &, be a Burns-Krantz map at
7o € 0Ep, then F = idgp.

where &, = {|z1[?Pt + - + |z,]?Pr < 1}.

e In [Gentili & Migliorini 1997] Burns—Krantz rigidity was
established for all all boundary points of A = &1/21/2) and
smooth points of £, C C" with p; = 1/2.

e For &, with p; > 1 for all j, 9&, is C2-smooth. From
[Zimmer 2022] Burns-Krantz rigidity can be established with
exponent 4.



Proof

1. All complex geodesic of £, with p; € {1/2,1} extends
holomorphically across D.
There exists ¢ : D — &, a complex geodesic such that
(1) = zp and ¢(0) = g € &p-an arbitrary point.



Proof

1. All complex geodesic of £, with p; € {1/2,1} extends
holomorphically across D.

There exists ¢ : D — &, a complex geodesic such that
(1) = zp and ¢(0) = g € &p-an arbitrary point.

2. There exists a left inverse G to ¢, such that it extends
holomorphically in a neighbourhood of zy € ¢(0D) C 0E,.
Then by Zwonek's lemma v := F o ¢ is also a complex
geodiesc with same left inverse G and (1) = z.




Proof

1. All complex geodesic of £, with p; € {1/2,1} extends
holomorphically across D.
There exists ¢ : D — &, a complex geodesic such that
(1) = zp and ¢(0) = g € &p-an arbitrary point.

2. There exists a left inverse G to ¢, such that it extends
holomorphically in a neighbourhood of zy € ¢(0D) C 0E,.
Then by Zwonek's lemma v := F o ¢ is also a complex
geodiesc with same left inverse G and (1) = z.

3. (1) = '(1) for 0 < I < 3 the [*-derivative. This implies
Y=o

From above points we have ¥(A\) = F(o(A)) = ¢() for all
AeDuU{l}.
As g € &£, was an arbitrary point and we have F = id|g, Ol



1. Existence and Extension of Complex Geodesic

[Jarnicki, Pflug & Zeinstra 1993] gave a complete description of
complex geodesics for €. In fact, they are unique (up to the
automorphism of the unit disc) for any two distinct points of &p.
When p; € {1/2,1} the complex geodesic extends holomorphically

across .
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1. Existence and Extension of Complex Geodesic

[Jarnicki, Pflug & Zeinstra 1993] gave a complete description of
complex geodesics for €. In fact, they are unique (up to the
automorphism of the unit disc) for any two distinct points of &p.
When p; € {1/2,1} the complex geodesic extends holomorphically
across D.

It is by no means clear that each boundary point can be joined to
some interior point by a complex geodesic, even if one assumes
that all complex geodesics admit holomorphic extensions beyond D.
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1. Existence and Extension of Complex Geodesic

[Jarnicki, Pflug & Zeinstra 1993] gave a complete description of
complex geodesics for €. In fact, they are unique (up to the
automorphism of the unit disc) for any two distinct points of &p.
When p; € {1/2,1} the complex geodesic extends holomorphically
across D.

It is by no means clear that each boundary point can be joined to
some interior point by a complex geodesic, even if one assumes
that all complex geodesics admit holomorphic extensions beyond D.
In the symmetrized bidisc, every complex geodesic does extend
holomorphically across D, yet they fail to connect any topological
boundary points other than those lying in the Shilov boundary
[Pflug & Zwonek 2005]
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m-Convexity

Theorem ([Mercer 1993

D C C" be a bounded m-convex domain. For any two points
{z,w} C D there is a complex geodesic whose continuous
extension contains these two points.

Let D ¢ C" be a bounded convex domain. For z € D and
v € C"\ {0}, define

dp(z;v) :=sup{r>0: z+AveQforall A\ <r}.

Also let
da(z) = dist(z, 09).

We say that D is m-convex if there exists a constant C > 0 such
that
dp(ziv) < Cop(2)M/™

for every z € D and every v € C"\ {0}.



Convex complex ellipsoids are m—Convex

Theorem (Shown by ChatGPT 5.4)

Ep are m-convex. In particular, m = max{2,2p1,...,2pnp}

Therefore there exits a complex geodesic joining arbitrary interior
point and arbitrary boundary point for £, with p; € {1/2,1}.



2. Extension of Left inverse

Theorem

Let £, C C", be a convex complex ellipsoids such that
pj=1o0r1/2 forje{1,...,n}. Lety): D — &, be a complex
geodesic, then there exists a left inverse F : £, — ID such that it
extends holomorphically through 1(0D) C 9D.



2. Extension of Left inverse

Theorem

Let £, C C", be a convex complex ellipsoids such that
pj=1o0r1/2 forje{1,...,n}. Lety): D — &, be a complex
geodesic, then there exists a left inverse F : £, — ID such that it
extends holomorphically through 1(0D) C 9D.

e Inshort proof idea: For £, with p; = 1/2 for all j. The
complex geodesics ¢ which passes through all axes has a
Lempert left inverse F that extends holomorphically across in
a neighbourhood of ¢(ID). Using this left inverse, we
construct an implicitly holomorphically extendable left inverse
to all other geodesics.




3. Burns-Krantz Map Fixes Complex Geodesics

Theorem

Let £, C C" be a convex complex ellipsoids with p; = {1/2,1} for
allje{1,...,n}, z0 € 0&,, and let F : £, — &, be a
Burns—Krantz map at zy

Assume that ¢ : D — &, is a complex geodesic such that

©(1) = 29, and let G : E, — D be a left inverse to ¢, G o ¢ = id|p
that is holomorphic near z.

1. G is a left inverse to F o p; in particular, ) := F oy is a
complex geodesic.

2. Ifne(X) = t(A) + (1 — t)y(N) then n: is a complex geodesic
of &,.

3. In fact oN(1) = )(1) Ith-derivative for 0 < | < 3 and
p=1p



Proof idea:
1. Zwoneks Lemma OJ

2. ¢ is well defined. Let h; := G o n;, we will show that
ht = /'d‘]D).
Because, ¢ is holomorphic near 1 and (1) = z,

le(A) — 20| = O(JA — 1))
Hence, 9(\) — o(A\) = o(||A — 1||3) therefore
1e(A) = o(A) = (1 = )(®(A) = ©(N) = o(|A — 1)
Since G is holomorphic near zg, we get
G(1:(N)) — G(p(N) = o(]A — 1P)
But Goyp = Ith) thus
he(A) = A+ o(|A — 1)
near boundary point 1 € dD. By the Burns-Krantz boundary

rigidity on the unit disc we get h; = id|p O

15}



3. Define g(A) = ¥»(A\) — ¢(A). Since ¢ is holomorphic and
Lipschitz near 1.

g(N) = o(|[x - 1|I°)

Now by Taylor expansion of g at A = 1, we have

o(1) = (1), for 0 < 1< 3.

o = 1 follows from the idea of

[Jarnicki, Pflug & Zeinstra 1993] of uniqueness of complex
geodesics for &,.

The main ingredient in their proof is to show that 7; is also a
complex geodesic. Then using explicit description of complex
geodesics and using our fact o()(1) = ()(1), for 0 <1< 3
we finsih the proof. [
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Thank you!
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