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o If  F1(Q) € F2(Q) then the determining sets for F»(Q?) are also
determining for  F4(2) and the non-determining sets for 7;(Q2) are also
non-determining for ~ F»(Q).

olf KicKocQ and K; isdeterminingfor F(Q) thensois K, and
if K> isnon-determining for F(2) thensois Kj.

Larger families of functions tend to have “fewer” but “bigger” determining sets.
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Qccm?

Three warm-up observations

Claim 1: A set of full measure is determining for both SH(Q) and
PSH(Q).

/ fav / fav
0/Bezn T ="JBzn .o
f(2) vol(B(z,r)) vol(B(z,r)) B(2)

Claim 2: A determining setfor SH(2) or PSH(2) mustbe
dense.
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Claim 3: Polar sets are not determining for SH(Q?) and
pluripolar sets are not determining for PSH(Q2), even if they are
densein Q.
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Letthe set K be (pluri)polar andlet f be a (pluri)subharmonic
functonon Q suchthat f|, = —co.Put fi(z):=f(z) and
f(z) :=f(z)+ C, where C =0 isa constant. We see that
fi#h, yet fi(z)=£f(z)=-x on K.Ifonewishesan
example with bounded functions, justtake e and e? (and
shrink  Q, if necessary).

In particular, countable dense subsets of Q are never determining
neither for SH(Q) norfor PSH(Q).

From this point on we will often skip “for SH(Q2)” and “for PSH(Q2)”, and
just speak of “determining sets” unless it matters to distinguish
between the two.
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The precise answer to question (6) in terms of Hausdorff measures

The h-Hausdorff measure 7{,, fora gauge function h:[0,00) — [0,0] whichis
monotonically increasing, positive on  (0,0), and right-continuous, is defined on the
sigma-algebra of Borel setsin  R”, by

with no further restrictions on the sets  C;, forming a covering of E. The classical

Hausdorff measures of dimension d are obtained by taking  h(r) = rc.

s

[ee]
Hp(E) := Slim inf {121 h(diam (G;)) : diam (Cj) < 6, E gl
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All these problems would be trivial if the SH/PSH functions were continuous.
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All these problems would be trivial if the SH/PSH functions were continuous.
Semicontinuous functions

For an extended real-valued function 1, we will denote by * the upper
semicontinuous envelope of ¢, thatis, the smallest USC() function not
smaller than ¢, orformally

¥*(z) :=inf{p(z) : o € USC(Q) and ¢ > v} .
Equivalently,
W2 = lim sup w(2),
=0+ weB(z,6)
and
Y*(Z) = sup {Iim sup ¥ (2k) 1 zx — z} .

k—o0

One defines the lower semicontinuous envelope 1. forafunction ¢ as

Ux(2) = =(=9)*(2).
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A special class of semicontinuous functions are the following.

DEFINITION (DILWORTH, 1950)

The upper semicontinuous (respectively, lower semicontinuous) functions that
satisfy

¢ = (ps)*, (respectively, o = (¢%)s

are called normal upper semicontinuous functions (respectively, normal lower
semicontinuous functions).
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DEFINITION (DILWORTH, 1950)

The upper semicontinuous (respectively, lower semicontinuous) functions that
satisfy

¢ = (ps)*, (respectively, o = (¢%)s

are called normal upper semicontinuous functions (respectively, normal lower
semicontinuous functions).

Informally, the normal semicontinuous functions are those, which have all their
“manageable” discontinuities filtered out.

It holds
(((p2)"))* = ()", (%)) )x = (¢")x

for any function ¢, so the normalization acts like a projection.

Trivially, the continuous functions are both normal upper semicontinuous
and normal lower semicontinuous.
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Another useful fact is that normal upper semicontinuous functions are
determined by their values on a dense set. This is because of the following
characterization of normal upper semicontinuous functions.
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determined by their values on a dense set. This is because of the following
characterization of normal upper semicontinuous functions.

An upper semicontinuous function ¢ is normal upper semicontinuous in  Q
iff forevery ¢ >0, every Zzye(, and everyopen neighborhood
Zpe U< Q there exists a non-empty openset V < U such that

©(2) > p(29) —¢ forany zeV. (1)

Caution: Although (1) is satisfied at the point  zp, it is not true that
1, x=0

necessarily zye V! Considere.g., ¢(x):= 0 0
, X<
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Zpe U< Q there exists a non-empty openset V < U such that

©(2) > p(29) —¢ forany zeV. (1)

Caution: Although (1) is satisfied at the point  zp, it is not true that

. . 1, x=0
necessarily zye V! Considere.g., ¢(x):= 0 0
, X<
AV‘
v |/ °

z00
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Many (pluri)subharmonic functions are normal upper
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also normal upper semicontinuous. For example, this is so for

1 7k3
z—k‘+e >

o 1
P(Z) :=exp Z P log <
k=1
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Many (pluri)subharmonic functions are normal upper
semicontinuous.

o Every continuous (pluri)subharmonic function is normal upper
semicontinuous.

o Some “mildly” discontinuous (pluri)subharmonic functions are
also normal upper semicontinuous. For example, this is so for

P(Z) :=exp (;i %Iog < z— :(‘ + ek3>> .

This is essentially because this function has only one point of
discontinuity. A deeper fact is that every (pluri)subharmonic
function, whose discontinuity set is of vanishing Lebesgue
measure (or even some more general set), is normal upper
semicontinuous.
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ZYWOMIR DINEW 12/23



Unfortunately, the (pluri)subharmonic functions may fail to be normal upper
semicontinuous. Indirectly, this can be seen by exploiting the fact that there do
exist two distinct (pluri)subharmonic functions which agree on a dense set.

ZYWOMIR DINEW 12/23



Unfortunately, the (pluri)subharmonic functions may fail to be normal upper
semicontinuous. Indirectly, this can be seen by exploiting the fact that there do
exist two distinct (pluri)subharmonic functions which agree on a dense set. A
direct counterexample is quite sophisticated, but will ultimately lead us to the
full understanding of determining sets. To construct one, we use a “Swiss
cheese”- type construction.

ZYWOMIR DINEW 12/23



Unfortunately, the (pluri)subharmonic functions may fail to be normal upper
semicontinuous. Indirectly, this can be seen by exploiting the fact that there do
exist two distinct (pluri)subharmonic functions which agree on a dense set. A
direct counterexample is quite sophisticated, but will ultimately lead us to the
full understanding of determining sets. To construct one, we use a “Swiss
cheese”- type construction. Let

K :=D\| JD(z, 1)
j=1
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e DeK;
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disjoint closures;

o thedisks ID(z,r;) are “evenly distributed” within D, so that K has
empty interior;

e theset D\K is thin at the origin in the sense of potential theory.
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Unfortunately, the (pluri)subharmonic functions may fail to be normal upper
semicontinuous. Indirectly, this can be seen by exploiting the fact that there do
exist two distinct (pluri)subharmonic functions which agree on a dense set. A
direct counterexample is quite sophisticated, but will ultimately lead us to the
full understanding of determining sets. To construct one, we use a “Swiss
cheese”- type construction. Let

K :=D\| JD(z, 1)
j=1

where the centers  z; andradii r; are chosen so that

e DeK;

o thedisks D(z,r;) andthe complementof D(0,1) have pairwise
disjoint closures;

o thedisks ID(z,r;) are “evenly distributed” within D, so that K has
empty interior;

e theset D\K is thin at the origin in the sense of potential theory.

The last property can be established by using the Wiener test for thinness,
provided that the centers z; and radii r; are chosen properly.
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A “fat enough” Swiss-cheese type compact sets in the complex plane (with
empty interior).
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Take a Swiss cheese

o0

K =D(0, T\ |J Dk, 1x)
k=1

where the centers z; x and radii r; x are chosen so that
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L —
An explicit example of such a Swiss cheese

Take a Swiss cheese

o0

K =D(0, )\ |J D(zjx: 1x)

k=1
where the centers z; x and radii r; x are chosen so that

e The disks and the complement of D(0, 1) have pairwise disjoint closures. This
0

yields the restriction ) r? < 1.
Jok=1
o The disks are “evenly distributed” so that K has empty interior.
e The disks with fixed j are situated within a specified annulus centered at 0,

e a— 1
D(Zj k, r,k)C{zeC - < |Z| < = o

} This yields the restriction

S, 1 1
2 <

o The series Zj > 22) is convergent.
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An explicit example of such a Swiss cheese

Take a Swiss cheese

o0

K =D(0, )\ | D(zx, 1)

k=1
where the centers z; x and radii r; x are chosen so that

e The disks and the complement of D(0, 1) have pairwise disjoint closures. This
0

yields the restriction ) r? < 1.
Jok=1
o The disks are “evenly distributed” so that K has empty interior.
e The disks with fixed j are situated within a specified annulus centered at 0,

_ 1
D(Zj k, r,k)C{zeC - < |Z| < = o

} This yields the restriction

S, 1 1
fo'ﬁm—ﬁ

The series Z/ Z is convergent.
=1 k= 1|0g( )

Choosing rj x = ST is good. The idea is to make the origin a thin boundary

point of D(0, 1)\K.
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The thinness of D\K at the origin, which is not an isolated point, is equivalent to the existence
of a subharmonic function ¢ in D such that

»(0) > limsup ¢(2).
D\K3z—0
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of certain non-negative measure . (the equilibrium measure), whose existence is
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From the equivalent characterization (1), there must be an openset V' corresponding to the
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The thinness of D\K at the origin, which is not an isolated point, is equivalent to the existence
of a subharmonic function ¢ in D such that

»(0) > limsup ¢(2).
D\K3z—0

It can be constructed as the negative of the logarithmic potential

(2) = /|og| dp(w)

2|
of certain non-negative measure . (the equilibrium measure), whose existence is
guaranteed by the Wiener test.

Take any ¢ >0 such that

2e < p(0) — limsup ¢(2). (2)
D\K3z—0

For any small enough 6 >0 one has

sup  p(2) < limsup ¢(2) +e. (3)
zeD(0,6)\K D\K3z—0

From the equivalent characterization (1), there must be an openset V' corresponding to the
neighborhood U =D(0,d) onwhich ¢(z) > ¢(0)—e. Buton D(0,d)\K, by (2)and
(3), one has

sup  ¢(z) < limsup ¢(z) +e < ¢(0) —2e +e = p(0) —e.
zeD(0,6)\K D\K3z—0
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The thinness of D\K at the origin, which is not an isolated point, is equivalent to the existence
of a subharmonic function ¢ in D such that

»(0) > limsup ¢(2).
D\K3z—0

It can be constructed as the negative of the logarithmic potential

(2) = /|og| dp(w)

of certain non-negative measure . (the equilibrium measure), whose existence is
guaranteed by the Wiener test.

Take any ¢ >0 such that

2e < p(0) — limsup ¢(2). (2)
D\K3z—0

For any small enough 6 >0 one has

sup  p(2) < limsup ¢(2) +e. (3)
zeD(0,6)\K D\K3z—0

From the equivalent characterization (1), there must be an openset V' corresponding to the
neighborhood U =D(0,d) onwhich ¢(z) > ¢(0)—e. Buton D(0,d)\K, by (2)and
(3), one has

sup  ¢(z) < limsup ¢(z) +e < ¢(0) —2e +e = p(0) —e.
zeD(0,6)\K D\K3z—0

So, V mustbecontainedin K. Butthisisimpossible,as K has empty interior!
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L —
The fine topology and the plurifine topology

The example above is self-suggestive of the approach. It failed because the Swiss cheese
has empty interior.
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The fine topology is the coarsest topology making all subharmonic functions continuous.
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continuous.
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In completely regular spaces the fact that continuous functions are fully determined by their
values on dense sets still holds (proved in Engelking).

Thus, we get

THEOREM

The set K is determining for SH(Q) iff K isdense in the fine topology.
Theset K isdetermining for PSH(Q) iff K isdense in the plurifine topology.

PROOF (SKETCH).

The if part follows from the above property of  T;: spaces, and the fact that subharmonic
and respectively plurisubharmonic functions are continuous in the (pluri)fine topology, by
construction.
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PROOF (SKETCH).
The if part follows from the above property of  T;: spaces, and the fact that subharmonic

and respectively plurisubharmonic functions are continuous in the (pluri)fine topology, by
construction. The only if part is obtained exactly as we proved that determining sets must be

dense in the introduction: if K is not (pluri)fine dense, then Q\unri)ﬁ”e contains a
(pluri)fine open subset  U.
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The fine topology and the plurifine topology

The example above is self-suggestive of the approach. It failed because the Swiss cheese
has empty interior. But it has non-empty fine interior!

The fine topology is the coarsest topology making all subharmonic functions continuous.
The plurifine topology is the coarsest topology making all plurisubharmonic functions
continuous.

Important fact: the fine and plurifine topologies are completely regular topologies (T3%).

In completely regular spaces the fact that continuous functions are fully determined by their
values on dense sets still holds (proved in Engelking).

Thus, we get

THEOREM

The set K is determining for SH(Q) iff K isdense in the fine topology.
Theset K isdetermining for PSH(Q) iff K isdense in the plurifine topology.

PROOF (SKETCH).

The if part follows from the above property of  T;: spaces, and the fact that subharmonic
and respectively plurisubharmonic functions are continuous in the (pluri)fine topology, by
construction. The only if part is obtained exactly as we proved that determining sets must be
dense in the introduction: if K is not (pluri)fine dense, then Q\unri)ﬁ”e contains a
(pluri)fine open subset U. We can thus find a (pluri)subharmonic function f; and take
ceR suchthat f; and max{fy,c} differonlyin U. O
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Let Q < C be given, and let D(zy, ) < Q be fixed. Let E be a countable dense
subset of D(zy, ¢) such that zy ¢ E. We enumerate E into a sequence
(2))21, 2 € E, and define
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subset of D(zy, ¢) such that zy ¢ E. We enumerate E into a sequence
(2))21, 2 € E, and define

e(z - z)
€2 — (2 — 20)(z — 29)

f(z):= ) ajlog
j=1

o0

where gje Ry, j=1,2,..., are such that Z a; < oo. If g; ™\, 0 rapidly enough
j=1

then f # —0, f(z9) > —oo, f < 0inD(Zp,¢), and f € SH(D(Zy, ¢)).
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An example of an open dense non-polar set which is not
determining

Let Q < C be given, and let D(zy, ) < Q be fixed. Let E be a countable dense
subset of D(zy, ¢) such that zy ¢ E. We enumerate E into a sequence
(2))21, 2 € E, and define

e(z - z)
€2 — (2 — 20)(z — 29)

f(z):= ) ajlog
j=1

o0

where gje Ry, j=1,2,..., are such that Z a; < oo. If g; ™\, 0 rapidly enough
j=1

then f # —0, f(z9) > —oo, f < 0inD(Zp,¢), and f € SH(D(Zy, ¢)).

Now, we define f(2) := f(z) and f,(z) := f(z) + . Clearly, , > f;, fy # f, yet
fi(z) = k(z) = —oforanyj=1,2,....
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Further, we define

— 2y

log |2 =20 4 2¢, ze C\D(z,¢)
g1(2) =
Z—2p
max{ﬁ (2), log +25}., zeD(z9,¢)
log | Z=22| + 2¢, ze C\D(z,¢)
9(2) =

zZ— 2y

max {fz(z)7 log

+ 25} , zeD(zy,¢)
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Further, we define

— 2y

log | ——| + 2¢, z € C\D(z9,¢)
g1(2) = .

max{ﬁ (2), log 0 +2s}., zeD(2,¢)

log | Z=22| + 2¢, ze C\D(z,¢)
92(2) :=

zZ— 2y

max {fz(z)7 log

+ 25} , zeD(zy,¢)

Z — Z .
O+ 2¢is

Clearly, g1, g» € SH(R2), because near the boundary of D(zp, €) the term log

e

greater than ¢, whereas fy <0 and f, < e.
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Further, we define

— 2y

log |2 =22 + 2¢, ze C\D(z,¢)
g1(2) = 5

max{ﬁ(z), log 0 +2s}., zeD(2,¢)

Iog + 2¢, z e C\D(zp,¢)
9(2) =
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+ 25} , zeD(zy,¢)
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Let
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Let
Ky = {ze]D)(zo, ): Iog

+2¢ > f(z)+z—:}

Then, g = g- on the set
= (QA\D(2,¢)) v Ki

which is open. As E < Kj, the set K is dense in Q. Because Q\K < D(z,¢), the Lebesgue
measure of K can be made as close to that of 2, as we wish, by choosing  small enough.
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g1(2) =

max{ﬁ( ), Iog +2c}., zeD(z9,¢)

Iog + 2¢, z e C\D(zp,¢)
9(2) =

max{fz(z)7 log =%

+ 25} , zeD(zy,¢)

Clearly, g1, g» € SH(R2), because near the boundary of D(zp, €) the term log 2% +2¢is

greater than ¢, whereas fy <0 and f, < e.
Let
Ky = {ze]D)(zo, ): Iog

+2¢ > f(z)+z—:}

Then, g = g- on the set
= (QA\D(2,¢)) v Ki

which is open. As E < Kj, the set K is dense in Q. Because Q\K < D(z,¢), the Lebesgue
measure of K can be made as close to that of 2, as we wish, by choosing  small enough.
Finally, g1(zp) = f(20) > —o0, 92(29) = f(20) + & > 91(20), SO g1 # o, and K is not
determining.
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An example of a zero measure determining set

e If ES R", n> 2is anon-polar set then the set K := E + Q", which is the
the union of all rational translations of E within R”, is finely dense

//" \\‘
(—
\ / - :
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An example of a zero measure determining set

e If ES R", n> 2is anon-polar set then the set K := E + Q", which is the
the union of all rational translations of E within R”, is finely dense

e If FS C™ m>1is anon-pluripolar set then the set K := F + (Q + iQ)",
which is the the union of all ratjonal translations of F within C™, is plurifin
dense.

el
/y ™\
\

Q=Y.
\ / \\\\ /’//

NEEEIE NS0 ..-.. (=)o)
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An example of a zero measure determining set
e If ES R", n> 2is anon-polar set then the set K := E + Q", which is the
the union of all rational translations of E within R”, is finely dense

e If FS C™ m>1is anon-pluripolar set then the set K := F + (Q + iQ)",
which is the the union of all ratjonal translations of F within C™, is plurifin
dense.

el
/y ™\
\

Q=Y.
\ / \\\\ /’//

NEEEIE NS0 ..-.. (=)o)

Euclidean topology

fine topology
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An example of a zero measure determining set

e If ES R", n> 2is anon-polar set then the set K := E + Q", which is the
the union of all rational translations of E within R”, is finely dense

e If FS C™ m>1is anon-pluripolar set then the set K := F + (Q + iQ)",
which is the the union of all ratjonal translations of F within C™, is plurifin
dense.

el
/y ™\
\

/
()
\ / B //

\\ /

e

(PG Hed+) (PG e

Euclidean topology

fine topology

This is called the Lebesgue-Beurling property of the fine topology. It holds
only in R2.
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Considerarealline ¢ in C whichis not horizontal, and let K be the
intersection of Q  with all rational translations of /¢

K:=Qn{q+(:qeQ}
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Considerarealline ¢ in C whichis not horizontal, and let K be the
intersection of Q  with all rational translations of /¢

K:=Qn{q+(:qeQ}

K is a countable union of sets of measure zero (lines), hence K is of zero
measure.

ZYWOMIR DINEW 21/23



Considerarealline ¢ in C whichis not horizontal, and let K be the
intersection of Q  with all rational translations of /¢

K:=Qn{q+(:qeQ}

K is a countable union of sets of measure zero (lines), hence K is of zero
measure.

Yet, K isfine dense, as the circles in any fine neighborhood of a point will
intersect with some of the linesin K.

ZYWOMIR DINEW 21/23



Considerarealline ¢ in C whichis not horizontal, and let K be the
intersection of Q  with all rational translations of /¢

K:=Qn{q+(:qeQ}

K is a countable union of sets of measure zero (lines), hence K is of zero
measure.

Yet, K isfine dense, as the circles in any fine neighborhood of a point will
intersect with some of the linesin K.

ZYWOMIR DINEW 21/23



The determining sets for subharmonic and for
plurisubharmonic functions are different

ZYWOMIR DINEW 22/23



The determining sets for subharmonic and for
plurisubharmonic functions are different

—(m+1)
Take the gauge function  h(r) := (Iog ,) ,m>1.

r+1

ZYWOMIR DINEW 22/23



The determining sets for subharmonic and for
plurisubharmonic functions are different

—(m+1)
Take the gauge function  h(r) := (Iog ,) ,m>1. We observe that
m
. h(r) ; m
liminf ———=—— =0, so we can construct a non-pluripolar set K < C",
0% (log 7)
which is determining for PSH functions, and such that #Hx(K) = 0.
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r—0+ h(r)

Hausdorff dimension, and is hence polar as a subset of R2™ ~ C™.
Therefore, it can not be determining for SH functions.
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Take the gauge function  h(r) := (Iog ,) ,m>1. We observe that

h(r .
liminf #_m =0, so we can construct a non-pluripolar set K < C”,
r—0+ (Iog 1r)

which is determining for PSH functions, and such that #H,(K) = 0.

. . r
However, since lim — =0 forany « >0, theset K haszero
r—0+ h(r)

Hausdorff dimension, and is hence polar as a subset of R2™ ~ C™.
Therefore, it can not be determining for SH functions.

The product property
Taking the same gauge function as above, with m = 1, we construct a non-polar

set K = R? which is determining for SH functions in R?, and such that
Hn(K) = 0.

ZYWOMIR DINEW 22/23



The determining sets for subharmonic and for
plurisubharmonic functions are different

r+1

—(m+1)
Take the gauge function  h(r) := (Iog ,) ,m>1. We observe that
h(r)

=0+ (log 1)
which is determining for PSH functions, and such that #H,(K) = 0.

=0, so we can construct a non-pluripolar set K < C7,

. . r
However, since lim — =0 forany « >0, theset K haszero
r—0+ h(r)

Hausdorff dimension, and is hence polar as a subset of R2™ ~ C™.
Therefore, it can not be determining for SH functions.

The product property
Taking the same gauge function as above, with m = 1, we construct a non-polar
set K = R? which is determining for SH functions in R?, and such that

Hp(K) = 0. Then, K x K has Hausdorff dimension 0, and, being polar, is
non-determining for SH functions in R? x R? = R*.
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