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Why study isometries?

Let D,G ⊂ Cn be domains equipped with an invariant distance (for example, the Kobayashi or
the Carathéodory distance).

The central question is to understand mappings

F : D −→ G

that preserve the intrinsic geometry.

Typical questions are:

Is every isometry smooth?

Is every isometry holomorphic or anti-holomorphic?
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Global and local isometries

Let (D, dD) and (G , dG ) be metric spaces.

Global isometry.
A mapping F : D −→ G is a global isometry if

dG (F (z),F (w)) = dD(z ,w), z ,w ∈ D.

Local isometry.
A mapping F : D −→ G is a local isometry if every point p ∈ D possesses an open
neighborhood U such that

dG (F (z),F (p)) = dD(z , p), z ∈ U.
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Infinitesimal isometries

Assume that FD and FG are infinitesimal invariant metrics.

A differentiable mapping F : D −→ G is an infinitesimal isometry if

FG (F (z), dFz(X )) = FD(z ,X )

for every z ∈ D, X ∈ TzD.

For infinitesimal isometries one should distinguish two situations.

1 Equidimensional case:
D,G ⊂ Cn.

2 Non-equidimensional case:

D ⊂ Cn, G ⊂ Cm, n ̸= m.

The equidimensional case is much better understood. In the non-equidimensional case, even
very natural examples remain open.
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A first rigidity result

In the equidimensional case, an early result was obtained by W. Zwonek.

Theorem (Zwonek, 1993)

Let F : Bn → Bn be a C 1-smooth infinitesimal isometry for the Kobayashi metric.

Then F is either holomorphic or anti-holomorphic.

Thus, for the unit ball, C 1-smooth infinitesimal isometries preserve the complex structure up
to conjugation.
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A basic open problem

The non-equidimensional case is much more delicate.

Already for F : D → B2 the following question is open.

Problem

Is every C 1-smooth infinitesimal isometry

F : (D, γD) → (B2,κB2)

holomorphic or anti-holomorphic?

Equivalently, do C 1-smooth real Kobayashi isometric discs in B2 have to be complex geodesics?
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From infinitesimal to local isometries

Suppose that
F : D −→ G

is a C 1-smooth infinitesimal isometry between equidimensional domains,

D,G ⊂ Cn.

The natural question is whether F preserves the integrated Kobayashi distance.

Theorem

Every C 1-smooth infinitesimal Kobayashi isometry between equidimensional domains is a local
isometry.

Thus infinitesimal preservation of the Kobayashi metric implies local preservation of the
Kobayashi distance.
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A rigidity theorem of Antonakoudis

Antonakoudis proved a rigidity theorem for isometric discs in finite-dimensional Teichmüller
spaces.

Theorem (Antonakoudis, 2017)

Let Tg ,n be a finite-dimensional Teichmüller space equipped with its intrinsic Kobayashi metric.
Every totally geodesic isometry

f : D −→ Tg ,n
is either holomorphic or anti-holomorphic.
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From real geodesics to holomorphic mappings

A map α : (−1, 1) → X is called a real geodesic if

p(t1, t2) = ℓX (α(t1), α(t2)), −1 < t1 < t2 < 1.

We want to have every real geodesic arc

α : (s1, s2) → X

is contained in a holomorphic disc. More precisely, for every s1 < s2 there exists

f : D → X

such that
f (t) = α(t), t ∈ (s1, s2).
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Condition I

Definition (Condition I)

We say that X satisfies Condition I if the following holds.
Let x1, x2, x3 ∈ X be pairwise distinct and suppose

ℓX (x1, x2) + ℓX (x2, x3) = ℓX (x1, x3).

Let g1, g2 : D → X be ℓX -extremals for (x1, x2) and (x2, x3), respectively. If

g1(σ1) = x1, g1(σ2) = x2,

g2(σ2) = x2, g2(σ3) = x3,

and
p(σ1, σ2) + p(σ2, σ3) = p(σ1, σ3),

then
g1 ≡ g2.
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How to show Condition I?

Without loss of generality we may assume that σ1 = 0 and 0 < σ2 < σ3. Put

ρ(λ) =
(λ− σ3)(λ− 1

σ3
)

(λ− σ2)(λ− 1
σ2
)
.

Note that for λ ∈ T we have

ρ(λ) =
σ2
σ3

|λ− σ3|2

|λ− σ2|2
< 1.

Consider a mapping
g(λ) = ρ(λ)g1(λ) + (1− ρ(λ))g2(λ).

Assume that X is a convex domain. Then g : D → X is a holomorphic mapping. Moreover,
g(0) = x1 and g(σ3) = x3. So, g is a geodesic, and, therefore, g∗, g∗

1 , g
∗
2 have boundary

values in ∂X , and, therefore, if X is strictly convex then g1 ≡ g2.
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Equivalence

Theorem

Let X be a taut complex manifold. Assume now that ℓX = kX . Then X satisfy Condtion I if
and only if for any s1, s2 ∈ (−1, 1) and any real geodesic α : (s1, s2) → X there exists a
holomorphic mapping f : D → X such that

α(t) = f (t) for any t ∈ (s1, s2).
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The disc lifting property

Definition

Let π : X −→ Y be a holomorphic mapping. We say that π has the disc lifting property if for
every holomorphic mapping f : D −→ Y and every point x0 ∈ π−1(f (0)), there exists a
holomorphic mapping f̃ : D −→ X such that

f = π ◦ f̃ , f̃ (0) = x0.

Theorem

Let X ,Y be taut complex manifolds and let π : X −→ Y have the disc lifting property.
Assume that ℓX = kX and that X satisfies Condition I. Then Y also satisfies Condition I.

Thus Condition I is preserved under holomorphic maps admitting disc lifting.
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Applications

Corollary

Every hyperbolic plane domain satisfies Condition I.

Indeed, every hyperbolic plane domain has the unit disc as its universal cover.

Corollary

For n ≥ 2, there is no holomorphic mapping

Bn −→ Dn,

having the disc lifting property.

Otherwise Dn would satisfy Condition I, which is false.
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Why is Condition I important?

The main motivation for introducing Condition I is the following extension theorem.

Theorem

Let D ⊂ Cn be a pseudoconvex domain and let f : D → D be a mapping. Assume that for
every real geodesic α : (−1, 1) → D, the composition f ◦ α extends holomorphically to D.
Then there exists a holomorphic mapping

F : D2 → D

such that
f (z) = F (z , z̄), z ∈ D.
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Application to Kobayashi isometries

If D satisfies Condition I, then every real geodesic in D is contained in a complex geodesic.

Consequently, the previous theorem immediately yields:

Corollary

Let D ⊂ Cn be a pseudoconvex domain satisfying Condition I.
If

f : D → D

is a Kobayashi isometry, then there exists a holomorphic mapping

F : D2 → D

such that
f (z) = F (z , z̄), z ∈ D.
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Lempert manifolds

The following notion is motivated by Chavan–Zwonek.

Definition

A complex manifold X is called a Lempert manifold if for any distinct points x1, x2 ∈ X there
exist holomorphic maps

f : D → X , F : X → D,

such that
F ◦ f = idD

and
x1, x2 ∈ f (D).
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Unique right inverse property

Definition

Let X be a Lempert manifold.
We say that X has the unique right inverse property at x ∈ X if, for every holomorphic map

F : X → D, F (x) = 0,

there exists at most one holomorphic map

f : D → X

such that
f (0) = x , F ◦ f = idD .
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Condition I and unique right inverses

Theorem

Let X be a Lempert manifold. Then X satisfies Condition I if and only if X has the unique
right inverse property at every point.

Thus Condition I can be checked through the uniqueness of holomorphic right inverses.
By results of Chavan–Zwonek, the unique right inverse property holds for several classes of
Lempert domains.

Consequently, the following domains satisfy Condition I:

1 bounded strictly convex domains in Cn;

2 tube domains over bounded strictly convex bases in Rn;

3 strongly linearly convex domains in Cn.
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Condition II

Definition (Condition II)

We say that a complex manifold X satisfies Condition II if the following holds.

Let
F : D2 −→ X

be holomorphic and suppose that

ℓX
(
F (λ1, λ2),F (λ2, λ1)

)
= p(λ1, λ2)

for every λ1, λ2 ∈ D.
Then F depends only on one variable.

Condition II excludes the possibility that an isometric disc is obtained by mixing holomorphic
and anti-holomorphic directions.
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A positive result

Consider the strictly convex domain

ω =
{
(x1, x2) ∈ R2 : ex1 + ex2 < 1

}
.

Its associated logarithmic tube domain is

Dω =
{
(z1, z2) ∈ C2

∗ : |z1|+ |z2| < 1
}
.

Since ω is strictly convex, our theory implies:

Corollary

Every Kobayashi isometry

f : D −→ △∩ C2
∗

is holomorphic or anti-holomorphic.
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A Hartogs-domain example

Consider

D =
{
(z ,w) ∈ C∗ × C n−1 : |z | < e−∥w∥2

}
.

Its universal covering is

π : Ω −→ D, π(u,w) =
(
e−u,w

)
,

where

Ω =
{
(u,w) ∈ C× C n−1 : Re u > ∥w∥2

}
.

The domain Ω is the Siegel upper half-space, hence biholomorphic to the unit ball.

Therefore D is a domain whose universal cover is biholomorphic to a strictly convex domain.
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Condition I is not necessary

Consider the convex domain

△ =
{
(z1, z2) ∈ C2 : |z1|+ |z2| < 1

}
.

It is easy to verify that △ does not satisfy Condition I.

Nevertheless, the following question is open.

Open problem

Is every Kobayashi isometry
f : D −→ △

holomorphic or anti-holomorphic?
Equivalently, does there exist a non-holomorphic isometric disc in △?
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Main rigidity theorem

Theorem

Let D ⊂ Cn be a pseudoconvex domain satisfying Conditions I and II. Assume that any real
geodesic (−1, 1) → D extends to a complex isometry D → D. Then every Kobayashi
isometry

f : D −→ D

is either holomorphic or anti-holomorphic.

Proof.
By Condition I,

f (z) = F (z , z̄)

for some holomorphic map
F : D2 → D.

Condition II implies that F depends only on one variable.
Hence f is either holomorphic or anti-holomorphic.

□
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Thank you!
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