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Poisson Kernel of the unit disk D

Let ξ ∈ ∂D, the Poisson Kernel is the function Ωξ : D → R

Ωξ(z) = −1 − |z |2

|ξ − z |2
,

satisfies the following properties
Ωξ is harmonic in D
Ωξ < 0 in D
Ωξ(z)

z→η−→ 0 if η ∈ ∂D\{ξ}
Ωξ(z) ≈ −∥z − ξ∥−1 as z → ξ non-tangentially

For F ∈ harm(D) ∩ C 0(D), we have

F (z) =
1
2π

∫
ξ∈∂D

|Ωξ(z)|F (ξ)dξ
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Pluricomplex Poisson Kernel in SCV

How can we define an analogous kernel in several complex variables?

We begin by considering the analogous problem with a singularity inside
the domain.
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Pluricomplex Green function

Let D ⊂ Cn be a bounded strongly convex domain with C∞ boundary.
Lempert proved that for all w ∈ D there exists a function
Gw : D → [−∞, 0], C∞-smooth on D \ {w}, such that

Gw is psh
detL (Gw ) ≡ 0

}
maximal plurisubharmonic

Gw (z)
z→η−→ 0 if η ∈ ∂D,

Gw (z)− log |z − w | = O(1) as z → w .

It holds
Gw (z) = log tanh(kD(z ,w))

where kD is the Kobayashi distance.

Matteo Fiacchi (Metric aspects of) The pluricomplex Poisson kernel for convex finite type domains



4/23

Pluricomplex Green function

Let D ⊂ Cn be a bounded strongly convex domain with C∞ boundary.
Lempert proved that for all w ∈ D there exists a function
Gw : D → [−∞, 0], C∞-smooth on D \ {w}, such that

Gw is psh
detL (Gw ) ≡ 0

}
maximal plurisubharmonic

Gw (z)
z→η−→ 0 if η ∈ ∂D,

Gw (z)− log |z − w | = O(1) as z → w .

It holds
Gw (z) = log tanh(kD(z ,w))

where kD is the Kobayashi distance.

Matteo Fiacchi (Metric aspects of) The pluricomplex Poisson kernel for convex finite type domains



4/23

Pluricomplex Green function

Let D ⊂ Cn be a bounded strongly convex domain with C∞ boundary.
Lempert proved that for all w ∈ D there exists a function
Gw : D → [−∞, 0], C∞-smooth on D \ {w}, such that

Gw is psh
detL (Gw ) ≡ 0

}
maximal plurisubharmonic

Gw (z)
z→η−→ 0 if η ∈ ∂D,

Gw (z)− log |z − w | = O(1) as z → w .

It holds
Gw (z) = log tanh(kD(z ,w))

where kD is the Kobayashi distance.

Matteo Fiacchi (Metric aspects of) The pluricomplex Poisson kernel for convex finite type domains



5/23

Other results

Unfortunately, Lempert’s methods are not available for more general
domains. However,

1987 [Demailly] Existence and uniqueness of the Green function in
bounded hyperconvex domains.

1988 [Bedford-Demailly] Example of bounded, strongly pseudoconvex
domain in C2 with a real analytic boundary such that Gw is not C 2

on D \ {w}.
2000 [Błocki] If D is a strongly pseudoconvex, C∞-smooth boundary,

then Gw ∈ C 1,1(D \ {w}).
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Pluricomplex Poisson Kernel

In 2009, Bracci-Patrizio-Trapani studied the analogous problem with the
singularity at the boundary for C∞-smooth strongly convex domains

u is psh
detL (u) ≡ 0

}
maximal plurisubharmonic

u < 0 on D,

u(z)
z→η−→ 0 if η ∈ ∂D\{ξ}

u(z) ≈ −∥z − ξ∥−1 as z → ξ non-tangentially.
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Two properties of the Pluricomplex Poisson Kernel

It holds
Ωξ(z) = −∂Gz

∂nξ
(ξ)

where nξ is the outer normal at ξ ∈ ∂D.

For F ∈ C 0(D) and pluriharmonic, we have

F (z) =
1

(2π)n

∫
ξ∈∂D

|Ωξ(z)|nF (ξ)ω∂D(ξ).

where
ω∂D := 4n−1(n − 1)!

det(L (r))

∥dr∥n−1 dVol∂D .
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Sketch of the construction

The function Φξ : D → Bn is the Chang–Hu–Lee boundary spherical
representation. It is a diffeomorphism which sends holomorphically
every complex geodesic with endpoint ξ in D to a complex geodesic with
endpoint e1 in Bn. We define the Poisson kernel ΩD

ξ of D as

ΩD
ξ = ΩBn

e1 ◦ Φξ

where

ΩBn

e1 (z) = − 1 − ∥z∥2

|1 − ⟨z , e1⟩|2

Matteo Fiacchi (Metric aspects of) The pluricomplex Poisson kernel for convex finite type domains



9/23

Existence of the Pluricomplex Poisson Kernel

2009 [Bracci-Patrizio-Trapani]: C∞-smooth strongly convex.
2021 [Bracci-Saracco-Trapani]: C∞-smooth strongly pseudoconvex.
2022 [Huang-Wang]: C 3-smooth strongly linearly convex.
2025 [Arosio-Bracci-F.]: Convex finite type (minimal regularity).

Our approach completely avoids the problems of regularity of Green
function and is based on metric geometry techniques!
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Convex finite type domains

For the rest of the talk, D ⊂ Cn is a convex domain (not necessarily
bounded) and ξ ∈ ∂D a locally finite type boundary point, i.e. ∂D is
finite type near ξ.

Example

D ⊂ Cn convex domain and ∂D is C 2 smooth and strongly convex near ξ.

Example (Egg domain)

Let m ≥ 2 be an even integer,

Em := {(z0, z1) ∈ C2 : |z0|2 + |z1|m < 1} ⊂ C2.

The boundary points (e iθ, 0) with θ ∈ R are weakly pseudoconvex (but
finite type).
The other boundary points are strongly pseudoconvex.
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Complex geodesics in strongly convex domains

Lempert proved that in strongly convex domains, complex geodesics
extend smoothly to the boundary and converge non-tangentially to the
boundary.

This is not the case in convex finite type domains!
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Geodesics in the egg domain

Let m > 2 be an even integer and consider the egg domain

Em := {(z0, z1) ∈ C2 : |z0|2 + |z1|m < 1} ⊂ C2.

For all a ∈ C the map φa : D → Em given by

φa(ζ) :=

(
ζ + |a|m

1 + |a|m
, a

(
1 − ζ

1 + |a|m

)2/m
)

is a complex geodesic with φ(1) = (1, 0) (Jarnicki-Pflug-Zeinstra).

If a ̸= 0 then limt→1 ∥φ′
a(t)∥ = +∞ and φa(t) converges to (1, 0)

tangentially.
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The non-tangential limit of the normal component of φ′

Proposition (Arosio-F.-Gontard-Guerini, ’22)

Let ξ ∈ ∂D a boundary point of finite type. Let φ : D → D a complex
geodesic with

φ(1) := lim
t→1−

φ(t) = ξ.

Then there exists

φ′
N(1) := ∠ lim

z→1
⟨φ′(z), nξ⟩ > 0.

This is a consequence of
Gromov hyperbolicity of convex finite type domains [Zimmer]
Local Gromov hyperbolicity, local visibility, localization
[Bracci-Gaussier-Nikolov-Thomas].
Classical Julia-Wolff-Carathéodory theorem.
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First Ingredient

If φ : D → D is a complex geodesic, we define φ̃ : R → D as

φ̃(t) := φ(tanh(t)).

It is a real geodesic inside φ(D).

Theorem (First Ingredient)

Let φ,ψ : D → D be two complex geodesics with φ(1) = ψ(1). Then

lim
t→+∞

kD

(
φ̃(t), ψ̃

(
t + log

ψ′
N(1)

φ′
N(1)

))
= 0.

Corollary

Let φ,ψ : D → D be two complex geodesics with φ(0) = ψ(0) and
φ(1) = ψ(1), then

φ′
N(1) = ψ′

N(1).
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Definition of Pluricomplex Poisson Kernel

Definition (Pluricomplex Poisson Kernel)

Let D ⊂ Cn be a convex domain and let ξ ∈ ∂D be a point of finite type.
We define Ωξ : D → (−∞, 0) as

Ωξ(z) = − 1
φ′
N(1)

,

where φ : D → D is a complex geodesic such that φ(0) = z and φ(1) = ξ.

By the previous corollary, the definition is independent of the choice of
geodesic.
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Horofunction and the Poisson-horofunction formula

The horofunction hξ,p : D → R with center ξ and base-point p is defined
as

hξ,p(z) := lim
w→ξ

[kD(z ,w)− kD(w , p)].

The existence of the limit in convex finite type domains was proved by
Arosio-F.-Gontard-Guerini in 2022.

The Poisson-horofunction formula

hξ,z(w) = log |Ωξ(z)| − log |Ωξ(w)|.

This implies that
Ωξ is continuous.

Ωξ(z)
z→η−→ 0 if η ∈ ∂D\{ξ} (Visibility).

Ωξ(z) ≈ −∥z − ξ∥−1 as z → ξ non-tangentially.
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Second Ingredient

Theorem (Second Ingredient)

Let φ : D → D be a complex geodesics with φ(1) = ξ. Let σ : (ϵ, 1) → D
be the normal segment parameterized as

σ(t) = ξ + (t − 1)φ′
N(1)nξ.

Then
lim

t→1−
kD (φ(t), σ(t)) = 0.

Matteo Fiacchi (Metric aspects of) The pluricomplex Poisson kernel for convex finite type domains



18/23

−Ωξ is the normal derivative of the Green function

Theorem (Arosio-Bracci-F.,’25)

For all z ∈ D the limit

lim
t→0−

1
t
Gz(ξ + tnξ) =:

∂Gz

∂nξ
(ξ)

exists and equals −Ωξ(z). Moreover the convergence is uniform on
compact sets.

The previous Theorem is equivalent to the following asymptotic estimate:
if z → ξ on the normal segment

lim
z→ξ

kD(z , p) +
1
2
log δD(z) = −1

2
log

|Ωξ(p)|
2
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Reproducing formula

Theorem (Arosio-Bracci-F.,’25)

Let D ⊂ Cn be a bounded convex domain of finite type. For F ∈ C 0(D)
and pluriharmonic, we have

F (z) =
1

(2π)n

∫
ξ∈∂D

|Ωξ(z)|nF (ξ)ω∂D(ξ).

where
ω∂D = 4n−1(n − 1)!

det(L (r))

∥dr∥n−1 dVol∂D .

The proof is based on a new asymptotic estimate for the Kobayashi
distance.
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A new asymptotic estimate for the Kobayashi distance

Proposition (Arosio-Bracci-F.,’25)

Let p ∈ D, then

lim
z→ξ

kD(z , p) +
1
2
log δD(z) +

1
2
log

|Ωξ(p)|
2

= 0.

It is an asymptotic version of the following well-know estimate: for
bounded convex domains with C 2-smooth boundary we have

cp −
1
2
log δD(z) ≤ kD(z , p) ≤ Cp −

1
2
log δD(z).
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Corollary

ξ

p

D1 D2

Corollary

Let D1,D2 be two convex domains as in the picture. If ξ ∈ ∂D1 ∩ ∂D2 is
locally finite type and p ∈ D1 ∩ D2, then

lim
z→ξ

[kD1(z , p)− kD2(z , p)] =
1
2
log

|ΩD2
ξ (p)|

|ΩD1
ξ (p)|

.
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Holomorphic maps preserving Poisson Kernel

Proposition (Arosio-Bracci-F.,’25)

Let D,D ′ ⊂ Cn convex finite type. Let f : D → D ′ be a holomorphic
map. Then TFAE

1 There exists η ∈ ∂D ′ and α > 0 such that

αΩD′

η (f (z)) = ΩD
ξ (z), ∀ z ∈ D;

2 for every complex geodesic φ with φ(1) = ξ we have that f ◦ φ is a
complex geodesic of D ′;

In 2021, Bracci-Kosinski-Zwonek proved that if D,D ′ are bounded
strongly convex domains, then any map satisfying one of the equivalent
conditions of the previous proposition is actually a biholomorphism.
This is not the case in convex finite type domains.
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Thank you very much!
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