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Title: Kobayashi Metric on Domains in C2

John Erik Fornæss, NTNU Norway

Abstract: This is joint work in progress with Mi Hu (Monash University,
Melbourne) and Feng Rong (Jiao Tong University, Shanghai). Fatou
components basically never have smooth boundary. This makes it
difficult to estimate the boundary behaviour of invariant metrics. We
consider the problem about Kobayashi density near the boundary of
the backward orbit of a given point in a Fatou component.
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Let F : M → M be a holomorphic selfmap of a complex manifold M.

Definition
(Sloppy) A point p belongs to the Fatou set if there is an open
neighborhood U(p) on which the iterates F ◦n converge uniformly to a
limit map G.

This is not quite accurate. One should instead say that for all
subsequences F nk there is such a subsequence.
But in addition one usually allows divergence to infinity as a
convergence....
One often thinks of the Fatou set as the place where the map is well
behaved and the Julia set is the complement with less well behaved
(chaotic?) behaviour
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Definition
The Julia set is the complement of the Fatou set.

This definition also has its problems.... The Julia set for z2 is the unit
circle, the Julia set for (z2,w2) should be what... The complement of
the Fatou set is {(z,w); |z| = 1} ∪ {(z,w); |w | = 1} which is much
larger than the torus {|z| = |w | = 1}. The torus is usually considered
to be the chaotic set....
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In this talk our main topic is orbits of dynamical systems. What is the
behaviour of forward orbits, {F n(p)}? Dynamics has been motivated
by the n-body problem (works by Poincare) and whether F n(p) can be
unbounded. (Is the solar system stable?) In a paper with Sibony we
proved that for holomorphic symplectomorphims a dense collection of
orbits are unbounded.

Holomorphic symplectomorphisms in C2p

Fornæss, John Erik; Sibony, Nessim
Duke Math. J. 82 (1996), no. 2, 309–317.
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One can also discuss backward orbits. For example for polynomials in
P(z) on C, the backward orbits F−n(p) converge to an ergodic
measure living on the Julia set. H. Brolin (1965), M. Lyubich (1983).

Recently, this has been generalized by Arosio-Benini-F-Peters to
certain entire functions. (Manuscript in Preparation)
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We will focus on a more detailed description of the backwards orbit
inside Fatou components.

Example
Let P(z) be a polynomial which has a Siegel disc D. If p ∈ D and we
consider all backwards orbits they will cluster all over the boundary by
Brolin-Lyubich. But if we restrict to the part of the backwards orbit
which stays inside the Siegel disc, we only get the invariant circle
containing p.
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Similarly, if U is an attractive basin, the backwards orbit of a point p will
cluster all over the boundary. How will this work for the restriction of
backward orbits to U? We will use the Kobayashi metric to measure
the density of the backward orbits in U.

Also we have the similar question for parabolic basin. These are
basins of indifferent fixed points, f (p) = p, f ′(p) = 1.
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Attracting basins in one dimension

These problems were solved in the PhD thesis of Mi Hu.

Theorem
Let U be the basin of attraction of 0 for the polynomial
P(z) = z/2 + z2. Then there exists a constant C > 0 so that for every
point z ∈ U there exists a point w ∈ U and an integer n so that
Pn(w) = 0 and the Kobayashi distance dK ,U(z,w) < C.

We will roughly say that the preimages of 0 are Kobayashi dense in U.

Remark
The conclusion holds for all rational functions on P1 and for all Fatou
components of attracting periodic points. The conclusion does not hold
in general for transcendental functions.
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Parabolic basins in one dimension

These problems were solved in the PhD thesis of Mi Hu.

Theorem
Let U be the basin of attraction of 1 for the polynomial P(z) = z + z2.
Let z0 ∈ U and C > 0. Then there exists a point z1 ∈ U so that for
every point z ∈ U so that Pn(z1) = z0 for some n, then the Kobayashi
distance dK ,U(z, z1) > C.

We will roughly say that the preimages of any z0 are never Kobayashi
dense in U.

Remark
The conclusion holds for all rational functions on P1 and for all Fatou
components of parabolic periodic points.
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Skew Products

In the rest of the talk I will focus on polynomial skew products. These
are maps of the form F (z,w) = (P(z),Q(z,w)) We will assume that
(0,0) is a fixed point and that it has an attracting basin Ω. So for
(z0,w0) to be in Ω there must exist an open neighborhood U(z0,w0) on
which the maps F n converge uniformly to (0,0).

Problem
Fix a point p ∈ Ω. Are the preimages of p Kobayashi dense in Ω?

Remark
The problem has to be interpreted properly if Ω has several connected
components.
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Remark
What makes this problem particularly interesting is that the Kobayashi
metric is hard to estimate on domains in higher dimension. And
especially so when they have fractal boundaries.

We recall that the following is an open problem:

Problem
Let U be a bounded pseudoconvex domain in C2 with C∞ smooth
boundary. Is the Kobayashi metric complete? (It’s true if the boundary
is of finite type)
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C or no C
We provide two examples at first:
1. From PhD thesis of Mi Hu:

Example

(No C) Let F (z,w) = (z2 + az,w2 + a2w + a2z) for small enough
nonzero complex numbers a. Let Ω be the basin of attraction of the
origin. If C > 0, then there is a point (z0,w0) ∈ Ω so that if (z,w) is any
preimage of (0,0) then dK ,Ω((z,w), (z0,w0)) > C.

2. From F-Hu:

Example

(C exists) Let F (z,w) = (P(z),Q(z,w)) = (z2 + z
4 ,w

2 + w
2 + 10z2)

and Ω is the basin of attraction of (0,0). Then there exists a C > 0 so
that if (z0,w0) ∈ Ω then there exists a preimage (z,w) of (0,0) so that
dK ,Ω(z,w), (z0,w0)) < C.
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What is the difference between the two examples?

Let U,V be domains in C and f : U → V a biholomorphic map.

If S ⊂ V is a Kobayashi dense subset with constant C, then the same
holds for f−1(S) with the same C.

Say f : U → V is a branched cover and S is Kobayashi dense with
constant C, then f−1(S) ⊂ U is usually Kobayashi dense with larger C.

Suppose Un,n = 0,−1,−2, · · · is a sequence of domains and
fn : Un−1 → Un are branched covers. And S is a Kobayashi dense
subset of U0 and Sn is the preimage of Sn = f−1 ◦ f−2 ◦ · · · f−n(S) then
if all but finitely many are biholomorphic, then the Sn are uniformly
Kobayashi dense. This will most likely break down if infinitely many are
actually branched.
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In the first example the slice maps from Ωz = {w ; (z,w) ∈ Ω} to ΩP(z)
are double branched, so Kobayashi density is likely to evaporate.

In the second example the slice maps are double covers with no
critical point at least near ∂U. This prevents Kobayashi density on
slices to evaporate.
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5 Types

In work in progress by F-Hu-Rong we investigate 5 test cases with
different mix of attracting and parabolic behaviour. These exhibit
different mathematical challenges. In all cases it turns out that there is
no C.

1. F (z,w) = (z − z2,w − w2 − 2zw)

2. F (z,w) = (z/2 − z2,w − w2 − zw3)

3. F (z,w) = (z/2 − z2,w − w2 − 2zw)

4. F (z,w) = (z/2 − z2,w − w2 − z2)

5. F (z,w) = (z/2 − z2,w/2 − w2 − 2zw)

I will say a few words about Cases 2 and 4, which seems to be most
interesting.
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F (z,w) = (z/2 − z2,w − w2 − zw3).

Let Ω be the basin of attraction of the origin.

Theorem
Let p = (δ, δ). Then the preimages of p are not Kobayashi dense in Ω.

We focus on the immediate basin of attraction, Ω0.
Let U be the attracting basin of P(z) = z/2 − z2 in C. For small δ > 0,
set Vδ = {w = u + iv ;0 < u < δ, |v | < u/100}

Lemma
Let Wδ = U × Vδ. Then Wδ is contained in the immediate basin of
attraction. Moreover the curve {(z,0); z ∈ U} belongs to the boundary
of Ω0.
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The preimage of the boundary curve also contains w − 1 − zw2 = 0.
We can write this as w = −1±

√
1+4z

2z which is branched of order 2 over
the z axis with branch point at z = −1/4 ∈ U. This curve is contained
in the boundary of the immediate basin.
Near z = 0, this curve has two branches w = 1 + .. and
w = −1/z − 1... In particular this means that the immediate basin of
attraction is unbounded.
We can cover Ω0 by three open sets:

W1 = {(z,w); |z| < ϵ, |w | < 3}

W2 = {(z,w) : |z| < ϵ, |w | > 3}

W3 = {(z,w); |z| > ϵ/2}
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We use the fact that holomorphic maps are distance decreasing under
holomorphic maps. The holomorphic maps we use are the projection
from Ω0 to the z axis and the projections from W1,W3 to discs in the w
axis which are punctured at w = 0. It is important that punctured discs
are complete in the Kobayashi metric.

Lemma
The Kobayashi metrics of Ω0, W1 and W3 are comparable for
|z| < 5ϵ/6. The Kobayashi metric in Ω0 and W2 are comparabel for
|z| > 4ϵ/6.

To prove the theorem:: Choose a C. Then there is a k so that the
Kobayashi distance from any (0,w) to preimage F−n(p),n ≥ k is at
least C in the z direction. To have Kobayashi distance at least C from
the finitely many first preimages, we just take a point (0,w0) with
w0 > 0 small enough.
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In this section, we consider the following family of skew products:

F (z,w) = (P(z),Q(z,w)) = (z/2 − z2,w − w2 − z2)

Let Z = ϕ(z), where ϕ is the Koenigs linearizing coordinate satisfying

ϕ
(z

2
− z2

)
=

1
2
ϕ(z), ϕ(0) = 0, ϕ′(0) = 1.

Then in the new coordinates (Z ,W ), with

Z = ϕ(z), W = w ,

we have
z = ψ(Z ) = ϕ−1(Z ).

Therefore the transformed map becomes

F̃ (Z ,W ) =

(
Z
2
, W − W 2 − ψ(Z )2

)
.

Thus the first component is exactly

Z 7→ Z
2
.
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The inverse change of coordinates ψ(Z ) satisfies

ψ

(
Z
2

)
=

1
2
ψ(Z )− ψ(Z )2.

Writing
ψ(Z ) = Z + a2Z 2 + a3Z 3 + a4Z 4 + · · · ,

we obtain

ψ(Z ) = Z + 4Z 2 +
64
3

Z 3 +
2816

21
Z 4 + · · · .

Hence, up to low order,

z = Z + 4Z 2 +
64
3

Z 3 +
2816

21
Z 4 + · · · .

Then
z2 = ψ(Z )2 = Z 2 + 8Z 3 +

176
3

Z 4 + · · · .
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Therefore the transformed system is

F̃ (Z ,W ) =

(
Z
2
, W − W 2 − Z 2 − 8Z 3 − 176

3
Z 4 − · · ·

)
.

Hence for z in a small neighborhood of the origin, the map has the form

G(z,w) = (z/2,w − w2 + g(z))

where g(z) =
∑

k≥2 ckzk is a convergent power series in a small disc.
In particular, there exists a constant C so that |ck | ≤ Ck for all k .
In short, the Koenigs coordinate Z = ϕ(z) conjugates

z 7→ z
2
− z2

to the linear map

Z 7→ Z
2
.

G(z,w) =
(z

2
, w − w2 + g(z)

)
.
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The origin is a fixed point, and

DG(0,0) =
(

1/2 0
0 1

)
.

Thus, the z-direction is the strong stable direction, since its eigenvalue
is 1/2, while the w-direction is neutral/parabolic, since its eigenvalue is
1.
We look for a local invariant curve tangent to the z-axis. Write it as a
graph of a holomorphic function w = ϕ(z), where ϕ(0) = 0, ϕ′(0) = 0.
Note that at this point we can only write ϕ as a formal power series
where we will see the coefficients defined inductively below. We then
will have to show that this formal power series is actually convergent in
a small disc.
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The invariance condition means that if (z, ϕ(z)) lies on the curve, then
G(z, ϕ(z)) also lies on the same curve. Since the new z-coordinate is
z/2, we require

G(z, ϕ(z)) =
(z

2
, ϕ(z)− ϕ2(z) + g(z)

)
=

(z
2
, ϕ

(z
2

))
.

ϕ
(z

2

)
= ϕ(z)− ϕ2(z) + g(z)

Now the analytic function g has a convergent power series,
g(z) =

∑
k≥2 ckzk in a disc around zero. In particular there is a

constant C > 1 so that |ck | ≤ Ck for all k .
Then

ϕ
(z

2

)
=

∑
k≥2

bk

2k zk

while ∑
k≥2

bk

2k zk =
∑
k≥2

bkzk −

∑
k≥2

bkzk

2

+
∑
k≥2

ckzk .
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We get for each k ≥ 2 :

bk (1 − 1/2k ) =
∑

i+j=k ,i,j≥2

bibj + ck

so
bk =

1
1 − 1/2k

∑
i+j=k ,i,j≥2

bibj +
1

1 − 1/2k ck

Next define for k ≥ 1,B1 = C,Bk = |bk |+ Ck , k ≥ 2. This implies that
for k ≥ 2

Lemma
For each k ≥ 2,Bk ≤ 4

3
∑

i+j=k ,i,j≥1 BiBj

This is known as a Catalan-type recurrence in the literature. By making
the Bk even bigger,we can assume that

Bk = A
∑

i+j=k

BiBj ,A :=
4
3
.
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Then the function B(t) =
∑

k≥1 Bk tk satisfies a quadratic equation of
the form

B(t) = B1t + AB(t)2

This is a quadratic equation: AB(t)2 − B(t) + B1t = 0. Then

B(t) = 1±
√

1−4AB1t
2A . When t = 0, then B(t) =

∑
k≥1 Bk tk = 0. Thus,

B(t) = 1−
√

1−4AB1t
2A . This is an convergent power series when

|t | < 1
4AB1

:= R. Therefore, the coefficients Bk satisfy an exponential
bound Bk ≤ KR−k , for some constant K > 0. Since |bk | ≤ Bk , we also
get |bk | ≤ KR−k . So bk grows at most exponentially. Therefore, the
formal curve w = ϕ(z) is actually convergent for z in a small disc
around z = 0. This is the strong stable curve of G at the origin. It is
invariant, tangent to the attracting z-direction, and points on it
converge to (0,0) exponentially fast. Going back to the original
coordinates we get a convergent strong stable curve at the origin for F .
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We summarize:

Theorem
Let F (z,w) = (z/2 − z2,w − w2 − z2) Then there exists a strongly
stable complex analytic stable manifold w = ϕ(z) in a small disc
centered at z = 0 and tangent to the z axis.

We conjugate with the map (Z ,W ) → (z,w) = (Z ,W + ϕ(Z )) We then
get the map

H(Z ,W ) = (Z/2 − Z 2, (W + ϕ(Z )− (W + ϕ(Z ))2 − Z 2 − ϕ(Z/2))

so

H(Z ,W ) = (Z/2−Z 2,W −W 2−2Wϕ(Z )+ϕ(Z )−ϕ(Z )2−Z 2−Φ(Z/2))

Since the curve W = 0 is mapped into itself, the sum of the last 4
terms is zero.
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Lemma
The map F is conjugate to the map
(Z ,W ) → (Z/2 − Z 2,W − W 2 − 2ϕ(Z )W ) near the origin.

Theorem
Let z be small and let ϵ > 0. Then there exists points (w ′,w ′′)
contained in the disc {|w − ϕ(z)| < ϵ} such that the orbit of (z,w ′)
escapes, while the orbit of (z,w”) goes to the origin and lies in the
basin of attraction of 0. In particular the strong stable curve is
contained in the boundary of the basin of attraction.

Next we extend the local stable manifold M globally. The initial local
stable manifold is a graph over a small disc around 0. The nth inverse
image is a multigraph over a large open subset of U. By localization of
the Kobayashi metric we only need to deal with some nth inverse for a
large m
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This preimage is a finite sheeted multigraph, the graphs are w = fj(z).
Then use the function Π(w − fj(z)) to get a function into a puncured
disc.
We combine with the projection to the z axis to finish the construction.
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