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Pick-Schwarz Lemma for Harmonic Maps

A C! map f: D c R? — RN is conformal at a point p € Q if
(K(p), fy(p)) =0,  |(p)l = |fy(P)I.

Theorem (Forstneric—Kalaj)

Let D be the unit disc in C, and BN denote the unit ball in RN. Let
f : D — BN be a harmonic map, and let z € D be a point at which f is
conformal.

Then
1—|f(2))?

(1-1zP)R’

where R € (0,1] is the radius of the affine disc A := {f(z) + df,RN} N B2,
Equality holds if and only if f is a conformal diffeomorphism of D onto A.

|df|| = || V.f]l/V2 <

If N =2, R =1 hence this theorem is a true generalization of the classical
Pick-Schwarz lemma.
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The Minimal Metric

Definition (Minimal Metric)

Let D C RN be a domain and let CH(ID, D) denote the class of conformal

harmonic maps from the unit disc to D.
The minimal pseudometric of D at x € D for v € RV is defined as

gp(x;v) = inf{l/r reRt:

f:D — D € CH(D, D), f(0) =x, f£/(0)= rv.}

This metric is upper semicontinuous hence one can define an integrated
minimal pseudodistance. We note (D, pp) D endowed with the minimal
distance.
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This metric enjoys many properties as the Kobayashi metric, for instances
the minimal distance can be defined in terms of chains of conformal
harmonic discs.

If D is a convex domain, pp is a metric if and only if (D, pp) is complete
as a metric space if only if D contains no affine complex lines.

The is also notion of minimal convexity which is an anologue of
pseudoconvexity, but we omit the definition.

Just a quick remark is that, by results of Drinovec Drnovsnek, Fiacchi,
Forstneric, Kalaj strongly minimally convex domains are complete with
respect to minimal distance and they are Gromov hyperbolic as metric
spaces endowed with the minimal metric.
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Minimal Metric on the Ball

On the unit ball B” ¢ R", the minimal metric is

— x1?)||v X, V
(per (X; v))2: (-] (ll)[ ||x|_|2—)!< . >||, x e BV, veRN

This metric coincides with the (infinitesimal) Cayley-Klein metric, and
(BN, ggn) coincides with the Beltrami—Klein model of hyperbolic space.
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Figure: Beltrami-Klein model of the unit ball.
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Hilbert Distance

Hilbert generalized the Beltrami-Klein model to convex domains as follows:

Definition

Let D C R" be a bounded open convex domain, and let x,y € D, x # y.
Let a, b € 9D be the intersection points of the line through x and y,
ordered as

a, x, y, b.

The Hilbert distance between x and y is

Ia—y\lb—X|>

la—x|[b—y|

1
dp(x,y) = 5 log <

We note that line segments are geodesics for the Hilbert metric, and also it
has an infinitesimal form.
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Figure: Hilbert distance.
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We now focus on strongly convex domains.
By using the explicit formula of the minimal(=Hilbert) metric on the ball
and using an inner and outer ball condition we see that the minimal and

Hilbert metric satisfies the following estimates: There exists Cp > ¢g > 0
with the following property.

1/2

Ivall '\ el \
Vn Vh v
(1+ Goop(x)) <25D(X)> + G (61')/20()) > mp(x;v) > (1)

Ivall \? il V2
Vn Vh
<259(X)> o <5,13/2(x)> ’

where v, is the real normal component of v taken with respect to the
closest point in 9D to x, and v, := v — v,,.
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Figure: Normal and horizontal components.
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Let D be a strongly convex domain in RV, mp be a metric on D satisfying
(1). Denote by dfj the integrated form of the metric mp. Fiacchi and
Nikolov proved (under slightly weaker assumptions) the following global
estimates.

Result
There exist C; > ¢; > 0 depending only on D such that

2log(1+ Giap(x,y)) > df(x,y) > 2log(1 + c1ap(x,y)), x,y € D, (2)

where

_ Imo(x) = 7o) | + max{op*(x), o ()}

_ ]_7
55455 ()

ap(x,y):

and 7p denotes Euclidean projection to 9D.
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Gehring—Hayman Theorem

Theorem (Gehring—Hayman)

Let Q C C be a simply connected domain and let f : D — Q be conformal.
If v is a hyperbolic geodesic in Q joining z, w € €, then there exists a
universal constant L > 0 such that

le(7) < Lle(0)

for every rectifiable curve o C Q joining z and w, where /¢(-) denotes
Euclidean length.

We remark that L above can be taken independently from the domain, and
when € is convex o can simply be taken as an interval.

Ahmed Yekta Okten (University of RomeOn Gehring-Hayman theorem for the min 08.07.2026



This theorem has been generalized to various directions, e.g.
quasi-hyperbolic distance, Gromov hyperbolic metric spaces with various
analogues of quasi-hyperbolic metric.

There are several generalizations to higher dimensions with Kobayashi
metric, but as far as we know the only generalization with the right
exponent in the distance given by Kosinksi-Nikolov-Thomas to strongly
pseudoconvex domains with C>*-boundaries.
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What we want to prove?

Conjecture

Let D be a strongly convex domain with C?-smooth boundary and mp be a
Finsler metric satisfying (1). Then there exists a constant L > 1 depending
only on D such that for any m-geodesic v : [0,1] — D we have that

le(7) < Lllv(0) = vV, (3)

where /() denotes the Euclidean length of the curve 7.

Since the minimal metric coincides with the Poincaré metric in R?, and
Hilbert metric satisfies (1) the above conjecture would generalize the
Gehring-Hayman property in two different directions.
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What we can prove so far?

Let D be a strongly convex domain in RN, and mp be a Finsler metric on
D satisfying (1). By the result of Fiacchi it follows that (D, d[J) is a
Gromov hyperbolic metric space and it satisfies visibility property.
Visibility property allows us to consider our conjecture only locally.

Proposition

If our conjecture fails, then we may find p € 9D, and D > xx, yx — p and
a sequence of m-geodesics vy joining xx to yk, such that

le(vie)/([[xkc = yil[) = oo.
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The estimates in the theorem of Fiacchi-Nikolov implies the following one
(near one boundary point).

Below dp(.) means Euclidean distance to the boundary of D, and we
assume that dp(x) < dp(y).

Proposition 2

There exist C > 1 depending only on the Euclidean geometry of 9D near p
such that

- 1(x = )all 10x = Yl
ey = ¢ (62/2(x)5;/2(y) ' 5;,/4(X)5g4(y)> @

where normal direction is taken with respect to the closest point to x in
oD.
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In view of the upper bound above, and our visibility argument, we restrict
ourselves to following two cases.

Case 1. (Tangential case) Some A > 0 with xx, yx — p € 9D with

l(xk — vi)nll = All(xk — yk),,||551/2(xk), where we assume xy is closer to
the boundary and the normal and horizontal components are taken with
respect to the closest point in D to x.

Case 2. (Transversal case) xi, yx — p € D with

~1/2 : .
| = yi)all/ Ul (xk = y)allop / (xk)) — 0: Again we assume x is closer
to the boundary and the normal and horizontal components are taken with
respect to the closest point in 9D to x.
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Figure: Tangential and transversal case
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What we can prove?

Proposition
In the tangential case, the conjecture holds even for (A, 0)-geodesics, (with
L depending on \.)

Note that visibility argument also allows us to restrict to problem to near
one boundary point, also for quasi-geodesics.

We will give a sketch of the proof of the proposition above. It will be a
direct proof based on the dyadic approach, use of Gromov hyperbolicity
and estimates.
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Sketch of the proof

Let x,y € D, near a boundary point p, dp(x) < dp(y), assume that

1(x = Y)all = All(x = ¥)all6 5> (x«), where the components are taken with
respect to the closest point in the boundary to x.
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Let v :[0,1] — D be a m-geodesic connecting x to y. If there exists

d > 0,C > 1 such that d/C < dp(y(t)) < Cd for all t € [0,1] the
proposition follows directly from (1) and (4).

Indeed we get, with constants depending only on previous estimates and
A >0, that

Ig(’Y) Ih('Y) </ ( ): dg’(X,y) < ”(X*y)nH + H(X*y)hH'

d * di/2 d d1/2
Above /7, I are Euclidean normal and horizontal lengths, and /,, denotes
the m-length.

Similar estimates are true for (), 0)-geodesics but the multiplicative
constants change.
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Now we discuss the case where the boundary distance on the geodesic is
not controlled.

First of all, denote by o : [0,1] — D the line segment joining x to y. It is
the geodesic for the Hilbert metric of D, and as mp is bi-Lipschitz with the
Hilbert metric, it is a (), 0)-geodesic for mp. (A clearly does not depend
on x,y.)

In view of the geodesic stability lemma, there exist H > 0 that for all

t € [0,1], there exists s € [0, 1] with the property that dJ(o(s),v(t)) < H.
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Let D be the maximal boundary distance on 7. Traveling from x to y, take
x; to be the first point that attains the boundary distance D/C’ where C is
chosen that dff(x;, xi+1) > 10H.

Similarly traveling from y to x let x_; to be the first point that attains the
boundary distance D/C, x_» to be the first point with boundary distance
D/C? and so on.

Take points %; on ([0, 1]) so that df(%i,x;) < H.

Denote the piece of ~ joining x; to x;_1 as ~y;, similarly denote the piece of
o joining X; to X;_1 as o;.
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In view of the triangle inequality and our choice of x; we get Since
Im(0i+1) = dp(xi, xi+1) = dp (xi, xi41) — dp' (%, %) — dp (Rit1, Xi1) =

4dp (xi, xi41)/5 = 4m(7it1)/5.

So we get Im(Vit1) S Im(oit1), with constants independent from x and y.

Ahmed Yekta Okten (University of RomeOn Gehring-Hayman theorem for the min 08.07.2026



A quick remark is that we only assumed that x, y are in tangential position
with respect to x. However one can show, using Euclidean geometry of the
boundary of the strongly convex domains, that this condition implies that
the smaller pieces of the segment remain tangential with respect to any
point in the segment. (The constant A changes but it only depends on the
Euclidean geometry of the boundary)

Therefore, by (1), and (4) one gets that

12(vi) | 12(v)
di + d1/2 S (,yl) S ID(UI)

1

I2(a/) N 12(7) < /g(g,-)7
d; d'/? dt/?

]

where d; is the boundary distance of x;.
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There is a technical difficulty with pieces of + that contain x and y, but we
can overcome it.
Summing over all pieces we get

le(7) S le(0) = lIx =y

The constants implicit on the estimates above only depend on A > 0 and
the domain D. The same argument works for (), 0)-geodesics but
constants also depend on A.
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What can we say in the transversal case?

There is a paper by Liu, Pu and Wang in the complex case, where they
prove a weak version of the Gehring-Hayman theorem for complex Finsler
metrics.

In the transversal case, following their method one can prove:

Proposition

Let D be a strongly convex domain with C?-smooth boundary and mp be a
Finsler metric satisfying (1). Then there exists a constant L > 1 depending
only on D such that for any m-geodesic v : [0,1] — D we have that

le(7) < L(0) = v(1)[V2, (5)

where le(y) denotes the Euclidean length of the curve .

Actually, the theorem above works for (A, 0)-geodesics with L that depends
also on .
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In general, we have no hope that the Gehring-Hayman theorem works for

(A, 0)-geodesics in the transversal case.
We have a counter example for any A > 1, even on the unit ball endowed

with the Hilbert metric.
Let us give the idea of our example in the next slide.
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There is still some hope.Consider the upper half plane H C R?, that is
H:= {x = (x1,x2) € R?: xo > 0}.
endowed with the Finsler metric m satisfying the following estimates

il | v il | v
G—mt+5s-<mx;v) < G—7 + 5,
X§/2 2x2 ( ) X§/2 2xp

x €MV = (v1,v2) € R?, (6)
for for some G, > C; > 0.

Let x,y € H such that there exists A > 1 with

du(x) < Com(y) < C?6m(x) ~ d. (this happens, for instance when x, y are
of finite m-distance.)
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Let v, o be respectively a geodesic and line segment joining x to y.
As before, we can easily get 17(v) < ||(x — y)1]ld*? + [|(x — y)2||.
However, in this case we can also control the horizotal length.
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Indeed, as 7y is the geodesic, one gets by integrating that

1 /
[ e [ ae< )= e <

27
' oon() A0
S/ G 2 dt—l—/ Tdt
0 o, “(t) 0 20, °(t)
As fo 2012/;) < fo 2712/(; dt one gets
1 5 1 7
t
[ A9 0 [ 50
(t) 0 %' (t)
whence
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Figure: Model Case

Ahmed Yekta Okten (University of RomeOn Gehring-Hayman theorem for the min 08.07.2026 35/38



Observe that this argument ONLY works for geodesics, not quasi-geodesics.
However our metric is of the form

2
i va] ) 2
G| —= — < : 7
1 72 + o) = (m(x; v)) (7)
i\’ % )
<G 15 + (1 + Gx) ) x € H,v :=(v1,n) € R,
X, X2

for for some G, > C; > 0.
And it is not that trivial.
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| am hopeful that once | deal with the case in the upper half plane with
the above metric, we can settle this problem. However, new questions arise:
© What about strongly minimally convex domains?
© What about strongly pseudoconvex domains with C2-smooth boundary

endowed with the Kobayashi metric, where the Lempert machinery
seems not to work.
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Thank You for Your
Attention!

Bnarogapst Bu mHoro, 4e caywaxte!
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