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Bergman metric

Let Ω be a bounded domain in Cn. For z ,w ∈ Ω, denote by
KΩ(z ,w) the Bergman kernel of Ω. Set KΩ(z) := KΩ(z , z).

For α, β = 1, · · · , n, set

TΩ
αβ

(z , z) :=
∂2 logKΩ(z)

∂zα∂zβ
.

Then, TΩ(z , z) :=
(
TΩ
αβ

(z , z)
)
n×n

is called the Bergman metric

matrix of Ω.

For v = (v1, · · · , vn) ∈ Cn, the Bergman metric is defined as

dsB,Ω(z ; v) :=

 n∑
α,β=1

∂2 logKΩ(z)

∂zα∂zβ
vαvβ

1/2

.
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Schwarz constant

In a 1958 paper, Lu showed that if Ω is a bounded homogeneous
domain then there exists a positive constant k depending only on
Ω such that dsB,Ω(f (z); f∗v) ≤ kdsB,Ω(z ; v) for any holomorphic
self-map f of Ω, z ∈ Ω and v ∈ Cn. Lu called the least such k the
Schwarz constant of Ω, which we denote by SΩ.

Moreover, Lu showed that SΩ =
√
r , where Ω is a classical Cartan

domain of type I-IV with r being its rank. Lu treated each type
separately and his approach was purely computational.

In a 1966 paper, Korányi claimed that the Schwarz constant of any
bounded symmtric domain Ω of rank r is

√
r . A closer look at his

proof, which uses Lie algebra, reveals that it is only valid when Ω is
irreducible.
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Bounded symmetric domains

Theorem
Let Ω ⊂ Cn, n ≥ 1, be a bounded symmetric domain of rank r in
its Harish-Chandra realization. Suppose that Ω = Ω1 × · · · × Ωm,
where each Ωj , 1 ≤ j ≤ m, is an irreducible bounded symmetric
domain of rank rj and dimension nj . Assume that
TΩj

(0, 0) = µj Inj , with 0 < µ1 ≤ · · · ≤ µm. Then,

SΩ =

√√√√ m∑
j=1

µj
µ1

rj .

Note that for an irreducible bounded symmetric domain Ω in Cn,
there exists µ > 0 such that TΩ(0, 0) = µIn. Moreover, µ ≥ 2, and
µ = 2 if and only if Ω is the unit disk D.
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Lu inequality

For z ∈ Ω and v ∈ Cn, the Kobayashi metric is defined as

dsK ,Ω(z ; v) := inf{λ > 0 : ∃ φ : D → Ω, φ(0) = z , λφ′(0) = v}.

And, the Carathéodory metric is defined as

dsC ,Ω(z ; v) := sup{|ψ′(z)v | : ∃ ψ : Ω → D, ψ(z) = 0}.

It is well-known that dsC ,Ω(z ; v) ≤ dsK ,Ω(z ; v). And in his 1958
paper, Lu proved the famous Lu inequality:

dsC ,Ω(z ; v) ≤ dsB,Ω(z ; v).
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Lu function

For a bounded symmetric domain Ω in Cn, we define its Lu
function as:

LΩ(v) :=
dsC ,Ω(0; v)

dsB,Ω(0; v)
, v ∈ Cn\{0}.

Theorem
Let Ω = Ω1 × · · · × Ωm be as in the theorem above. Then, for any
v ∈ Cn\{0},

1√∑m
j=1 µj rj

≤ LΩ(v) ≤
1

√
µ1
.
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Polydisks

For Ω = Dr and any v = (v1, · · · , vr ) ∈ Cr\{0}, we have

dsC ,Dr (0; v) = max
1≤i≤r

|vi |, dsB,Dr (0; v) =
√
2∥v∥.

Thus,
1√
2r

≤ LDr (v) ≤ 1√
2
.
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Irreducible bounded symmetric domains

Let Ω be an irreducible bounded symmetric domain of rank r .
Then, Dr × {0} ⊂ Ω is a maximal polydisk contained in Ω as a
totally geodesic isometric embedding (with respect to the
Kobayashi metric, or equivalently the Carathéodory metric, since Ω
is convex in its Harish-Chandra realization).

We recall the well-known Polydisk Theorem, which states that

Ω =
⋃
g∈K

g(∆r × {0}),

where K is the isotropy group at the origin 0 ∈ Ω of the identity
component Aut0(Ω) of Aut(Ω).

Since Ω is a complete circular domain in Cn under any
Harish-Chandra coordinates, K consists of linear transformations of
Cn by Cartan’s theorem.
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Irreducible bounded symmetric domains
Since TΩ(0, 0) = µIn for some µ > 0, the Bergman metric of Ω at
the origin is a scalar multiple of the Euclidean metric. Since the
Bergman metric is invariant under Aut(Ω), we see that any
element of K preserves the Euclidean metric and hence is a unitary
transformation of Cn.

Hence, for any v ∈ Cn\{0}, we can take g ∈ K such that
g∗v = (v1, · · · , vr , 0, · · · , 0) with ∥g∗v∥ = ∥v∥ and
dsB,Ω(0; v) = dsB,Ω(0; g∗v).

For any v = (v1, · · · , vr , 0, · · · , 0) ∈ Cn\{0}, we have

dsC ,Ω(0; v) = max
1≤i≤r

|vi |, dsB,Ω(0; v) =
√
µ∥v∥.

Thus,
1

√
µr

≤ LΩ(v) ≤
1
√
µ
.
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Reducible bounded symmetric domains

Let Ω = Ω1 × · · · × Ωm be as in the theorem. Let
v = (v1, · · · , vm) ∈ Cn1 × · · · × Cnm\{0}. By the discussion
above, we only need to consider v j = (v j1, · · · , v

j
r1 , 0, · · · , 0),

1 ≤ j ≤ m. Then, we have

dsC ,Ω(0; v) = max
1≤j≤m, 1≤i≤rj

|v ji |, dsB,Ω(0; v) =

√√√√ m∑
j=1

µj∥v j∥2.

Thus,
1√∑m
j=1 µj rj

≤ LΩ(v) ≤
1

√
µ1
.
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Lu inequality for bounded symmetric domains

If Ω is a bounded symmetric domain in its Harish-Chandra
realization with TΩ(0, 0) = µIn for some µ > 0, then µ ≥ 2 and
µ = 2 if and only if Ω is a polydisk. Therefore, we have the
following more precise Lu inequality for bounded symmetric
domains.

Corollary

Let Ω ⊂ Cn be a bounded symmetric domain in its Harish-Chandra
realization, z ∈ Ω and v ∈ Cn\{0}. Then,

√
2dsC ,Ω(z ; v) ≤ dsB,Ω(z ; v).

Moreover, the equality holds at z = 0 if and only if Ω = D× Ω′

and v = (1, 0, · · · , 0).
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The diagonal map

By a result of Mok, one can choose coordinates z j = (z j1, · · · , z
j
nj )

on Ωj such that a maximal polydisk contained in Ωj has

coordinates (z j1, · · · , z
j
rj , 0, · · · , 0). Write z = (z1, · · · , zm).

For f : Ω → Ω, write f (z) = (f 1(z), · · · , f m(z)). Consider f of the
form f j(z) = (z11 , · · · , z11 , 0, · · · , 0), where z11 is repeated rj times.
For v = (1, 0, · · · , 0) ∈ Cn, it is clear that f∗v = (v1, · · · , vm),
where each v j = (1, · · · , 1, 0, · · · , 0) with 1 repeated rj times.
Then, ds2B,Ω(0; f∗v) = k2ds2B,Ω(0; v) with k2 =

∑m
j=1

µj

µ1
rj . Thus,

SΩ ≥

√√√√ m∑
j=1

µj
µ1

rj .
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Lu function

Let f be any holomorphic self-map of Ω with f (0) = 0. For any
v ∈ Cn, we have

dsC ,Ω(0; f∗v) ≤ dsC ,Ω(0; v).

Combining this with our theorem on the Lu function, we get

dsB,Ω(0; f∗v)√∑m
j=1 µj rj

≤
dsB,Ω(0; v)√

µ1
.

Thus,

SΩ ≤

√√√√ m∑
j=1

µj
µ1

rj .
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Two lemmas

Lemma (Qi-Keng Lu)

Let Ω be a bounded symmetric domain with TΩ(0, 0) = µIn for
some µ > 0. Let f be a holomorphic self-map of Ω with f (0) = 0.
If there exist a constant k > 0 and an open neighborhood U of 0

in Ω such that f (z)f (z)
′ ≤ k2zz ′ for all z ∈ U, then

dsB,Ω(0; f∗v) ≤ kdsB,Ω(0; v) for all v ∈ Cn.

Lemma (Jia-Qing Zhong)

Let Ω be a bounded domain in Cn containing the origin. Suppose
that t2Bn ⊂ Ω ⊂ t1Bn. Then, for any holomorphic self-map f of Ω

with f (0) = 0, f (z)f (z)
′ ≤ k2zz ′ for all z ∈ t2Bn, with k = t1/t2.
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Scaled bounded symmetric domains
Let Ω = Ω1 × · · · × Ωm be as in the theorem. Set

Ω̂ :=
√
µ1Ω2 × · · · × √

µmΩm.

Then, Ω̂ is a bounded symmetric domain with TΩ̂(0, 0) = In.

It is easy to see that t2Bn ⊂ Ω̂ ⊂ t1Bn with

t2 =
√
µ1, t1 =

√√√√ m∑
j=1

µj rj .

Thus, by the two lemmas, we have

SΩ = SΩ̂ ≤

√√√√ m∑
j=1

µj
µ1

rj .
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Thank You!


	Schwarz constant
	

	Lu function
	

	First proof
	

	Second proof
	

	

