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Bergman metric

Let Q be a bounded domain in C". For z, w € €, denote by
Ka(z, W) the Bergman kernel of Q. Set Kq(z) := Kq(z,Z).
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Bergman metric
Let Q be a bounded domain in C". For z, w € €, denote by
Ka(z, W) the Bergman kernel of Q. Set Kq(z) := Kq(z,Z).

Fora,=1,---,n, set

. 02 log Ka(z)
Q .
Taﬁ(z’ 7) = 02,0z

Then, Tq(z,2) = (Tﬂf(z,?)> is called the Bergman metric

] ap nxn
matrix of Q.
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Bergman metric

Let Q be a bounded domain in C". For z, w € €, denote by
Ka(z, W) the Bergman kernel of Q. Set Kq(z) := Kq(z,Z).

Fora,=1,---,n, set
02 log Ko(2)
T(z2,7) = —=2L,
O‘ﬁ(Z’ Z) 6za8?5
Then, Tq(z,2) = (Tﬂf(z,?)> is called the Bergman metric
ap nxn
matrix of Q.
For v =(v1,---,vy) € C", the Bergman metric is defined as
, 1/2
'\ 0%log K
dsg.a(z;v) = Z 9" log Ka(2) VaV3

opa1 aZaﬁfg
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Schwarz constant

In a 1958 paper, Lu showed that if 2 is a bounded homogeneous
domain then there exists a positive constant k depending only on
Q such that dsg o(f(z); fiv) < kdsg q(z; v) for any holomorphic
self-map f of Q, z € Q and v € C". Lu called the least such k the
Schwarz constant of 2, which we denote by Sq.
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Schwarz constant

In a 1958 paper, Lu showed that if 2 is a bounded homogeneous
domain then there exists a positive constant k depending only on
Q such that dsg o(f(z); fiv) < kdsg q(z; v) for any holomorphic
self-map f of Q, z € Q and v € C". Lu called the least such k the
Schwarz constant of 2, which we denote by Sq.

Moreover, Lu showed that Sq = /r, where Q is a classical Cartan
domain of type I-IV with r being its rank. Lu treated each type
separately and his approach was purely computational.
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Schwarz constant

In a 1958 paper, Lu showed that if 2 is a bounded homogeneous
domain then there exists a positive constant k depending only on
Q such that dsg o(f(z); fiv) < kdsg q(z; v) for any holomorphic
self-map f of Q, z € Q and v € C". Lu called the least such k the
Schwarz constant of 2, which we denote by Sq.

Moreover, Lu showed that Sq = /r, where Q is a classical Cartan
domain of type I-IV with r being its rank. Lu treated each type
separately and his approach was purely computational.

In a 1966 paper, Kordnyi claimed that the Schwarz constant of any
bounded symmtric domain Q of rank r is \/r. A closer look at his

proof, which uses Lie algebra, reveals that it is only valid when € is
irreducible.
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Bounded symmetric domains

Theorem
Let Q C C", n > 1, be a bounded symmetric domain of rank r in
its Harish-Chandra realization. Suppose that Q = Q1 X -+ X Qp,

where each €, 1 < j < m, is an irreducible bounded symmetric
domain of rank r; and dimension n;. Assume that

TQJ.(O,O) = pjln;, with 0 < py < -+ < . Then,
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Bounded symmetric domains

Theorem

Let Q C C", n > 1, be a bounded symmetric domain of rank r in
its Harish-Chandra realization. Suppose that Q = Q1 X --- X Qp,
where each €, 1 < j < m, is an irreducible bounded symmetric
domain of rank r; and dimension n;. Assume that

TQJ.(O,O) = ftjln;, with 0 < py < -+ < . Then,

Note that for an irreducible bounded symmetric domain Q in C",
there exists u > 0 such that Tq(0,0) = ul,. Moreover, u > 2, and
=2 if and only if Q is the unit disk ]D).
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Lu inequality

For z € Q and v € C", the Kobayashi metric is defined as

dska(z;v):=inf{A>0: FJ¢o:D—=Q, ¢0) =2z Ap'(0) =v}.
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Lu inequality
For z € Q and v € C", the Kobayashi metric is defined as

dska(z;v):=inf{A>0: FJ¢o:D—=Q, ¢0) =2z Ap'(0) =v}.

And, the Carathéodory metric is defined as

dsca(z; v) :==sup{|¢/(z)v]: 3¢ :Q— D, ¢(z) =0}.
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Lu inequality
For z € Q and v € C", the Kobayashi metric is defined as

dska(z;v):=inf{A>0: FJ¢o:D—=Q, ¢0) =2z Ap'(0) =v}.

And, the Carathéodory metric is defined as

dsca(z; v) :==sup{|¢/(z)v]: 3¢ :Q— D, ¢(z) =0}.

It is well-known that dsc q(z; v) < dsk o(z;v). And in his 1958
paper, Lu proved the famous Lu inequality:

dsc o(z;v) < dsg.a(z; v).
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Lu function

For a bounded symmetric domain Q in C", we define its Lu
function as:

o dsc (0; v)

Lo(v) := dsg.0(0; v)’

v e C™\{0}.

Second proof
00
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Lu function

For a bounded symmetric domain Q in C", we define its Lu
function as:

o dsc (0; v)

Lo(v) := dsg.0(0; v)’

v e C™\{0}.

Theorem
Let Q = x -+ x Qp, be as in the theorem above. Then, for any

v e Cn\{o}, 1 e
QlVv) =

3

ij:1 Hjrj
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Polydisks

For @ =D" and any v = (v1,---,v,) € C"\{0}, we have

dsc pr(0; v) = !

Thus,
S L]D)r(V) S

-
5~

ax |vil,  dsgpr(0;v) = V2 vll.
<i<r

Second proof
(e]e)
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Irreducible bounded symmetric domains

Let Q be an irreducible bounded symmetric domain of rank r.
Then, D" x {0} C Q is a maximal polydisk contained in Q as a
totally geodesic isometric embedding (with respect to the
Kobayashi metric, or equivalently the Carathéodory metric, since 2
is convex in its Harish-Chandra realization).
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Irreducible bounded symmetric domains

Let Q be an irreducible bounded symmetric domain of rank r.
Then, D" x {0} C Q is a maximal polydisk contained in Q as a
totally geodesic isometric embedding (with respect to the
Kobayashi metric, or equivalently the Carathéodory metric, since 2
is convex in its Harish-Chandra realization).

We recall the well-known Polydisk Theorem, which states that

Q= g(a" x{0}),

gekK

where K is the isotropy group at the origin 0 € Q of the identity
component Auto(2) of Aut(Q).
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Irreducible bounded symmetric domains

Let Q be an irreducible bounded symmetric domain of rank r.
Then, D" x {0} C Q is a maximal polydisk contained in Q as a
totally geodesic isometric embedding (with respect to the
Kobayashi metric, or equivalently the Carathéodory metric, since 2
is convex in its Harish-Chandra realization).

We recall the well-known Polydisk Theorem, which states that

Q= g(a" x{0}),

gekK

where K is the isotropy group at the origin 0 € Q of the identity
component Auto(2) of Aut(Q).

Since Q is a complete circular domain in C” under any
Harish-Chandra coordinates, K consists of linear transformations of
C" by Cartan's theorem.
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Irreducible bounded symmetric domains

Since Tq(0,0) = pul, for some 11 > 0, the Bergman metric of Q at
the origin is a scalar multiple of the Euclidean metric. Since the
Bergman metric is invariant under Aut(£2), we see that any
element of K preserves the Euclidean metric and hence is a unitary
transformation of C".
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Irreducible bounded symmetric domains

Since Tq(0,0) = pul, for some 11 > 0, the Bergman metric of Q at
the origin is a scalar multiple of the Euclidean metric. Since the
Bergman metric is invariant under Aut(£2), we see that any
element of K preserves the Euclidean metric and hence is a unitary
transformation of C".

Hence, for any v € C"\{0}, we can take g € K such that
gv=1_(vi, -+ ,v,0,---,0) with ||gxv]|| = ||v|| and
dsg.q(0; v) = dsg.o(0; g«v).
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Irreducible bounded symmetric domains

Since Tq(0,0) = pul, for some 11 > 0, the Bergman metric of Q at
the origin is a scalar multiple of the Euclidean metric. Since the
Bergman metric is invariant under Aut(£2), we see that any
element of K preserves the Euclidean metric and hence is a unitary
transformation of C".

Hence, for any v € C"\{0}, we can take g € K such that
gv=1_(vi, -+ ,v,0,---,0) with ||gxv]|| = ||v|| and
dsg.q(0; v) = dsg.o(0; g«v).

For any v = (vq,---,v,0,---,0) € C"\{0}, we have

dsc,o(0;v) = max |vi[,  dsga(0;v) = /ullvl|.
1<i<r
Thus, ) )
< Lo(v) < —.
N VI
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Reducible bounded symmetric domains

Let Q =Q1 x --- x Q,, be as in the theorem. Let
v=(vl--,vM) €C™ x---x C™\{0}. By the discussion
above, we only need to consider v/ = (v{,---,v},0,---,0),
1 <j < m. Then, we have

m
v) = j V) = [ vi]|2
dheal®iv) = e Ml dsaal0iv) = || il
J:
Thus, ) )
e <lg(v) < —.
m A/
\/Zj:l Kt H
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Lu inequality for bounded symmetric domains

If Q is a bounded symmetric domain in its Harish-Chandra
realization with Tq(0,0) = pl, for some p > 0, then p > 2 and
u =2 if and only if Q is a polydisk. Therefore, we have the
following more precise Lu inequality for bounded symmetric
domains.
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Lu inequality for bounded symmetric domains

If Q is a bounded symmetric domain in its Harish-Chandra
realization with Tq(0,0) = pl, for some p > 0, then p > 2 and
u =2 if and only if Q is a polydisk. Therefore, we have the
following more precise Lu inequality for bounded symmetric
domains.

Corollary

Let Q C C" be a bounded symmetric domain in its Harish-Chandra
realization, z € Q and v € C"\{0}. Then,

\@dscﬂ(z; v) < dsg.a(z;v).

Moreover, the equality holds at z =0 if and only if Q =D x Q’
and v =(1,0,---,0).
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The diagonal map

By a result of Mok, one can choose coordinates z/ = (z{, e ,z{,j)
on €; such that a maximal pondisk contained in £2; has

coordinates (z’ ,zﬁj, -+ ,0). Write z = (2%,---, z™M).
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The diagonal map

By a result of Mok, one can choose coordinates z/ = (2], - ,z{;j)
on €; such that a maximal polydisk contained in 2; has
coordinates (z{,--- ,2/,0,---,0). Write z = (z*,--- ,z™).

For f : Q — Q, write f(z) = (f}(z2),--- ,f™(z)). Consider f of the

form fi(z) = (z},--- ,2,0,---,0), where z{ is repeated r; times.
For v =(1,0,---,0) € C", it is clear that f,v = (v, .- v™),
where each v/ = (1,---,1,0,---,0) with 1 repeated r; times.

Then, dséQ(O; fiv) = k2ds,2379(0; v) with k2 = PRy %rj Thus,
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Lu function

Let f be any holomorphic self-map of Q with £(0) = 0. For any
v € C", we have

dSCVQ(O; f*v) S dSqQ(O; V).
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Lu function

Let f be any holomorphic self-map of Q with £(0) = 0. For any
v € C", we have

dSCVQ(O; f*v) S dSC’Q(O; V).

Combining this with our theorem on the Lu function, we get

dsg a(0; f,v) < dsg a(0; v)
ijzl Hjtj - v H1

Thus,
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Two lemmas

Lemma (Qi-Keng Lu)

Let Q be a bounded symmetric domain with Tq(0,0) = ul, for
some p > 0. Let f be a holomorphic self-map of Q with f(0) = 0.
If there exist a constant k > 0 and an open neighborhood U of O
in Q such that f(z)@/ < k?z7' for all z € U, then

dsg.q(0; f.v) < kdsg q(0; v) for all v € C".
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Two lemmas

Lemma (Qi-Keng Lu)

Let Q be a bounded symmetric domain with Tq(0,0) = ul, for
some p > 0. Let f be a holomorphic self-map of Q with f(0) = 0.
If there exist a constant k > 0 and an open neighborhood U of O
in Q such that f(z)@/ < k?z7' for all z € U, then

dsg.q(0; f.v) < kdsg q(0; v) for all v € C".

Lemma (Jia-Qing Zhong)

Let Q be a bounded domain in C" containing the origin. Suppose
that trB" C Q C t1B". Then, for any holomorphic self-map f of Q2
with f(0) = 0, f(2)f(z) < k222 for all z € t,B", with k = t1/t>.
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Scaled bounded symmetric domains
Let Q = Q1 X --- x Q,, be as in the theorem. Set

Q= /1 X - X

Then, Q0 is a bounded symmetric domain with T5(0,0) = .
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Scaled bounded symmetric domains
Let Q = Q1 X --- x Q,, be as in the theorem. Set

Q.= VI X o X S em Q.
Then, Q0 is a bounded symmetric domain with T5(0,0) = .

It is easy to see that t,B" C Qc t1B” with

b = /{1, ty =

Thus, by the two lemmas, we have
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Thank You!
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