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Motivation

Invariant distances

One of the central problems in several complex variables is the comparison of biholomorphically
invariant distances.

For a domain Q C C", the Carathéodory distance is defined by
ca(z, w) = sup{p(f(2), f(w)) : f € O(Q,D)},

where p denotes the Poincaré distance on D.
The Lempert function is

lo(z,w) = inf{p(A, ) : T € O(D,Q), ¢(A) =z, ¢(n) = w}.

One always has cq < ln.
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Motivation

Lempert's theorem

The equality between these two invariant distances characterizes an important class of domains.

Theorem 1 (Lempert)

Let Q2 C C" be bounded and either convex or strongly linearly convex with smooth boundary.
Then

cQ = /Q.

Moreover, every extremal pair of points is joined by a complex geodesic.

This theorem established a deep connection between invariant metrics and convex geometry.
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Motivation

Extension sets

A different approach to invariant geometry comes from norm-preserving extension.

Definition 2

A subset V C Q has the extension property if every bounded holomorphic function
f € O(V,D) admits an extension F € O(Q, D) satisfying ||F|lcc = ||f]|co-

Typical examples are holomorphic retracts.
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Motivation

Carathéodory sets

The extension property has a natural metric interpretation.

Definition 3

A subset V' C Q is called a Carathéodory set if

cv = cqlvxv.

Every extension set is Carathéodory, but the converse fails in general.
Understanding Carathéodory sets is therefore a natural geometric problem.
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Carathéodory surfaces

Edge tuples

Consider rational inner functions

w_AJ-x—l—Bjy—xy
" Bjx+ Ay —1'

aj(x7y) =

where (Aj, B;, 1) are triangular (|A;, |B;| and 1 are the length of sides of a triangle).

Definition 4

A collection (a3, ..., ap) is called an edge tuple if there exist £, € T such that
Ai+Big=n

forj=3,...,n.

Edge tuples provide the compatibility condition needed to construct Carathéodory surfaces.
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Carathéodory surfaces

Carathéodory surfaces

Let (as,...,a,) be an edge tuple. The associated Carathéodory surface is

La = {(X,y,ag(x,y),...,oz,,(x,y)) : (X7y) € Da}7

where

D= {(x,y) €D?: |aj(x,y)| < 1, j=3,...,n}.

Projection onto the first two coordinates is a biholomorphism

Ly = D,.
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Carathéodory surfaces

A theorem of Kosinski-McCarthy

The geometry of algebraic Carathéodory sets is completely understood.

Theorem 6 (Kosinski-McCarthy)
Let V C DN be an algebraic subvariety. The following are equivalent.
@ V is a Carathéodory set;

@ V s totally geodesic;
© up to an automorphism of DN, V is a graph over a product of discs and Carathéodory

v

surfaces.

This reduces the study of algebraic Carathéodory sets to the geometry of Carathéodory surfaces.
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Carathéodory surfaces

Write

Loc - {(Xu.ya Oé3, Tty an)}7
and set ai(x,y) = x, aa(x,y) =y.

Definition 7

A coordinate «; is called active if there exists (x,y) € D, such that |oj(x,y)| = 1 while
lai(x,y)| < 1 for every i # j.

The number of active coordinates is called the number of faces of L,,.
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Carathéodory surfaces

Basic Carathéodory surfaces

Definition 8

A Carathéodory surface is called basic if every coordinate function is active.

Equivalently, every defining function contributes a face.

Basic surfaces are the building blocks of the theory and will be the main objects throughout the
talk.
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Carathéodory surfaces

Characterization of basic surfaces

Theorem 9

For a Carathéodory surface L., the following are equivalent.
Q@ L, is basic;

@ every pair of coordinate functions forms an edge pair.

Thus a global geometric property is completely determined by pairwise compatibility.
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Carathéodory surfaces

|dea of the proof

The implication (1) = (2) follows directly from the definition.
For the converse, assume every pair is an edge pair. Using the classification theorem for

Carathéodory surfaces, one shows that every coordinate contributes a genuine boundary
component of D,,.

Hence every coordinate is active, so L, is basic.

Marcin Tombinski ( Workshop on Invariant Dista Carathéodory Surfaces and Lempert Theory 13 /30



Carathéodory surfaces

The Kobayashi indicatrix

The notion of a face admits a natural infinitesimal interpretation.
For a € D,, let
IDa(a) = {X € T,D, : /»@Da(a; X) < 1},

where kp, denotes the infinitesimal Kobayashi metric.
The geometry of L, is reflected in the geometry of this convex body.
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Carathéodory surfaces

Faces of the indicatrix

Theorem 10

Let L., be a basic Carathéodory surface and a € D,,. Then the faces of L., are in one-to-one
correspondence with the faces of Ip,(a).

The combinatorics of L,, is therefore encoded infinitesimally by the Kobayashi metric.
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Carathéodory surfaces

|dea of the proof

After composing with automorphisms of D?, we may assume a = (0, 0).
Then

Ip,(0) = {X €C?: |AXy +BXa| <1, j=1,...,n}.

Each active coordinate contributes one supporting inequality and hence one face of the
indicatrix. Conversely, every face determines an active coordinate.
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Pick interpolation

Three-point Pick interpolation

Given distinct points z;1, z2,z3 € D" and A1, A2, A3 € D, the three-point Pick problem asks
whether there exists F € O(D", D) such that

F(z)=», Jj=1,2.3.

The problem is called extremal if it is solvable but admits no solution with image relatively
compact in D.

Throughout this section we consider non-degenerate extremal problems.
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Pick interpolation

Uniqueness varieties

Although extremal interpolants are generally not unique, they coincide on a distinguished
algebraic variety.

Definition 11

The maximal algebraic variety on which all extremal interpolants coincide is called the
uniqueness variety.
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Pick interpolation

A theorem of Kosinski and McCarthy identifies these uniqueness varieties with Carathéodory

surfaces.

Let n > 3. A strictly 3-dimensional nondegenerate 3 point extremal Pick problem in D" never
has a unique solution. After an automorphism of D" the uniqueness variety is the Cartesian
product of a weak Roman surface of height m and D"™2. Moreover, every such set is the
uniqueness variety for some strictly 3-dimensional nondegenerate 3 point extremal Pick problem.
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Pick interpolation

Interpolation polygons

Every uniqueness variety

is associated to a convex polygon
P = conv(as,...,an),

whose vertices are determined by the interpolation data.
Combining this construction with our geometric theorem immediately yields a description of the
geometry of uniqueness varieties.
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Pick interpolation

The interpolation polygon

A description of uniqueness varieties associates to every Carathéodory surface a convex polygon
P, called the interpolation polygon.

The vertices of P are determined by the interpolation data, while the Carathéodory surface is
realized as the corresponding uniqueness variety.

The following theorem shows that the polygon completely determines the intrinsic geometry of
the surface.
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Pick interpolation

Correspondence of faces and sides

Let L, be a Carathéodory surface and let P be its interpolation polygon. Then

#{faces of L, } = #{sides of P}.

Thus the intrinsic geometry of L, is encoded by the convex geometry of the interpolation
polygon.
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Pick interpolation

|dea of the proof

The proof proceeds by induction on the number of interpolation parameters.

Adding a point inside the polygon creates no new side. The corresponding coordinate is
inactive.

Adding a new vertex creates exactly one new side. Using the description of uniqueness varieties,
one proves that the corresponding coordinate becomes active.

Hence the number of sides of P and the number of faces of L, always change simultaneously.
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Pick interpolation

Geometric interpretation

Let U(as,...,an) be a uniqueness variety.

Since U(a1,...,ap) is a Carathéodory surface, we obtain

Corollary 14

The number of faces of U(az, ..., an) equals the number of sides of the interpolation polygon
conv(ai,...,an).

Thus the combinatorics of the interpolation data completely determines the geometry of the

uniqueness variety.
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Pick interpolation

Uniqueness of complex geodesics

Letae D, and X € T,D,,.
The complex geodesic through (a, X) is unique if and only if the extremal Kobayashi norm is

attained by exactly one active coordinate.

Thus the uniqueness problem is completely determined by the geometry of the associated
Carathéodory surface.
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Pick interpolation

|dea of the proof

Using automorphisms of D?, we may assume a = (0, 0).
Every geodesic through the origin has the form

A — (A, Amy(w])), w € dD,

while the remaining coordinates are determined by the defining rational inner functions.
Hence all geodesics are parametrized by the unimodular constant w.

This constant is related to the active coordinates of £, which form an edge tuple. When
several the extremal Kobayashi norm is attained by several active coordinates, then w can be
perturbed to one side and yield several complex geodesics.
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Pick interpolation

Back to the motivation

Recall the motivating question.

Can one construct Lempert domains that are not biholomorphic to convex domains?

Carathéodory surfaces provide a natural family of such examples.
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Pick interpolation

Main application

Theorem 16

For a generic basic Carathéodory surface L, the associated domain D,, is not biholomorphic to
a convex domain.

These domains therefore provide new examples of non-convex Lempert domains.
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Pick interpolation

|dea of the proof

Assume that
¢:D,— Q

is a biholomorphism onto a convex domain.

The image of every complex geodesic is again a complex geodesic.

Using the description of geodesics in D, one proves that ® must preserve the active-coordinate
structure.

This forces ® to have a rigid projective form, contradicting the convexity of Q.
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Pick interpolation

Thank youl!
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