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Let X be a domain in C" (complex manifold). O(X) has algebraic
structure of the ring. Note that when ¢ : X — Y is a
biholomorphism then

O(Y)> f = fop e O(X), (1)

is a ring isomorphism.

The following problem is natural. Assume that O(X) and O(Y)
are isomorphic. Does it follow that X and Y are
(anti)biholomrphic?

The classical result of Bers gives the affirmative answer for X, Y
being domains in the plane (1948).

This was later generalized to higher dimension (Issa, 1966) to
conclude that in the case of X, Y being Stein manifolds the same
conclusion holds.
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We replace O(X) with End(X)

Instead of considering the algebraic structure of O(X) we may
consider isomorphism of a semigroup (even a monoid) of End(X)
(holomorphic endomorphisms). The biholomorphism ¢ : X — Y
induces the isomorphism

End(X)3 f — ¢ofop *eEnd(Y). (2)

The following (set theoretic) lemma is due to J. Schreier (1937).

Let ¢: End(X) — End(Y) be an isomorphism of semigroups.
Then there exists a bijective mapping @: X — Y such that

d(f)=gpofop ! VfecEnd(X)

A variation of this Lemma with slightly different conditions can be
found in the work of Buzzard and Merenkov (2003).
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Known results

In the holomorphic category, the question of determining a
complex manifold by its semigroup of endomorphisms has first
been studied by Eremenko (1993) who established this result for
Riemann surfaces that admit bounded holomorphic functions. He
also observed that the result cannot be extended to all Riemann
surfaces.

The case of the complex line C had been studied before by
Hinkkanen (1992) who investigated the possible automorphisms of
End(C), i.e. he showed that an iso-conjugation ¢: C — C is
(anti-)biholomorphic.

Merenkov (2002) extended Eremenko’s methods and result to the
case of bounded domains in C"” (without assuming
pseudoconvexity!!!). Merenkov and Buzzard (2003) extended the
result later also to C".
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Further results - manifolds with embedded lines

Andrist (2011) generalized the result for C” to any Stein manifold
that contains a properly embedded complex line C. The result of
Andrist is the following.

Let ¢ : X — Y be an iso-conjugating map. Then ¢ is either
biholomorphic or antibiholomorphic if the following criteria are
fulfilled:

@ X is pseudoconvex;

e X admits a proper holomorphic embedding i : C — X.

In particular, this implies the result for X = C", or more generally
manifolds posessing the complex line as a retract.
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The special case of C,

The case of C, is the most interesting planar domain that has not
been fixed by previous results. By methods similar to the case of C
(employing only automorphisms) we could arrive at the following

Let p: C, — C, be a conjugating mapping. Then ¢ is
biholomorphic or anti-biholomorphic.

Note that we do not require ¢ to be iso-conjugating in this lemma.
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Embedding of punctured line in the manifold

The first general result, being a counterpart of analoguous result
for C is the following.

Let i: C, — X be a proper holomorphic embedding such that
i(Cy) is a retract of X. Let ®: End(X) — End(Y) be an
isomorphism of semi-groups where Y is a complex manifold. Then
there exists a biholomorphic or anti-biholomorphic p: X — Y such
that ®(f) = pofo oL

Having in mind the two results on determination of domains
admitting (punctured) plane as a retract we may reduce are
discussion to the situation when they are not biholomorphic to
bounded domains.



Hyperbolic pseudoconvex Reinhardt domains

We deal with X, Y being pseudoconvex Reinhardt domains. The
case of (biholomorphic to) bounded domains is already settled so
what remains to consider is the case of unbounded Reinhardt
domains.



Hyperbolic pseudoconvex Reinhardt domains

We deal with X, Y being pseudoconvex Reinhardt domains. The
case of (biholomorphic to) bounded domains is already settled so
what remains to consider is the case of unbounded Reinhardt
domains. Recall the following (V; := C¢/=! x {0} x C"7):



Hyperbolic pseudoconvex Reinhardt domains

We deal with X, Y being pseudoconvex Reinhardt domains. The
case of (biholomorphic to) bounded domains is already settled so
what remains to consider is the case of unbounded Reinhardt
domains. Recall the following (V; := C¢/=! x {0} x C"7):

Let D be a pseudoconvex Reinhardt domain. Then the following
are equivalent:




Hyperbolic pseudoconvex Reinhardt domains

We deal with X, Y being pseudoconvex Reinhardt domains. The
case of (biholomorphic to) bounded domains is already settled so
what remains to consider is the case of unbounded Reinhardt
domains. Recall the following (V; := C¢/=! x {0} x C"7):

Let D be a pseudoconvex Reinhardt domain. Then the following
are equivalent:

e D is (Caratheodory or Kobayashi) hyperbolic,




Hyperbolic pseudoconvex Reinhardt domains

We deal with X, Y being pseudoconvex Reinhardt domains. The
case of (biholomorphic to) bounded domains is already settled so
what remains to consider is the case of unbounded Reinhardt
domains. Recall the following (V; := C¢/=! x {0} x C"7):

Let D be a pseudoconvex Reinhardt domain. Then the following
are equivalent:

e D is (Caratheodory or Kobayashi) hyperbolic,

@ logD contains no real line and D N V; is either empty or is
(Carath “eodory or Kobayashi) hyperbolic j =1,...,n,
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We deal with X, Y being pseudoconvex Reinhardt domains. The
case of (biholomorphic to) bounded domains is already settled so
what remains to consider is the case of unbounded Reinhardt
domains. Recall the following (V; := C¢/=! x {0} x C"7):

Let D be a pseudoconvex Reinhardt domain. Then the following
are equivalent:

e D is (Caratheodory or Kobayashi) hyperbolic,

@ logD contains no real line and D N V; is either empty or is
(Carath “eodory or Kobayashi) hyperbolic j =1,...,n,

@ D is biholomorphic to a bounded Reinhardt domain.
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Holomorphic endomorphisms determine pseudoconvex

Reinhardt domains in many cases

By results on manifolds admitting the embedded holomorphic
(punctured) planes we may positively settle the problem of
determining the complex manifold by its holomorphic
endomorphisms in many situations of pseudoconvex Reinhardt
domains. For instance

@ log D contains a rational line,
@ D intersected with some axis is C,.

This however, leaves unsolved the problem for some unbounded
Reinhardt domains even in dimension two.
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In dimension two only the following cases remain open (r > 1 and
v > 0 is irrational):

o D,,:={z€C?:1/r < |zi||z|” < r} (strip type),

o D :={ze€C?:0< |z1||z|" < 1} (half-plane type).
When considering the problem of determining Reinhardt domains

by endomorphisms the special role will be played by the explicit
form of End(D).

Before we formulate we introduce some notations:

py(A) := (exp(—7A), exp(})), A € C. (3)

We also denote V(v) := p,(C) and

V,(7) :={z € C? : |z1||z2|” = p}, p > 0. Note that V/(7) is dense
in Vl(’)/).
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Some notations

For w, z € C? we denote
w -z = (w21, wo2). (4)
For z € Cz, n € Z we denote
z":= (7, 7). (5)

In C2 we introduce the equivalence relation:

w ~y z <= thereisa A € C such that (Wl, W2> = py(A).
71’ 2
(6)
For a € C? we have
(o), = 2-p,(C). ™)
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Following the idea of Kosiriski (2007) we show the following.

End(D,,r) comprises the following mappings:

Dy 320 (202, 2h20) 2 p (h(2) €D, (8)
where h € O(D,,), ay = ki +vh, a = ko +vh, kj, I € Z,
a € [-1,1]. In the case « =0 (and then ki =1; =0)a€ D, ,. In
the case o # 0, |ay||az| r™ € [1/r, r].
End(D) comprises the following mappings:

D}>zw— (28225, zp28) - a - p,(h(z)) € D3 9)

where h € O(Dj;), ay=ki+vh, a =k +7vh, « >0, kj,[; € Z.
In the case « = 0, a € D3. In the case a > 0, 0 < |a1][a2|” < 1,
where h € O(D,), ay = ki +~vh, o« = ko +vh, « > 0, kj, [; € N.
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Holomorphic endomorphisms of special Reinhardt domains

— continuation

In the situation described in the theorem above, the only a such
that oy = k1 +vh, a = ko + vk is called the degree of the
endomorphism. In the case of a strip type domain, the degree

a € [—1,1]. In the case of domains of half-plane type, the degree
a > 0.

Direct calculations also show that for the endomorphism F of
degree a we get

IFL(2)IF2(2)]" = [ax]|a2]" (|z1]]z2]7)* (10)

for all z € D, , (respectively, z € DJ). Consequently, we see that
for the given endomorphism of degree o we find a positive 6 such
that any set V() is mapped by the mapping to V|, |a,/75(7) In
the case of degree a = 0 the image under the endomorphism is
contained in a- p,(C).In the case a # 0 the image of the
endomorphism is not contained in V() for any p.
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Involutive automorphisms

The holomorphic automorphisms of D, , are precisely the
endomorphisms

+1

Dyr>z—a-z7" €D,,, |ai]la]” = 1. (11)

In particular, the involutive automorphisms are z — a- z7 1,

|ai]az2|” =1 and the mappings z — (+z1, £22).
The holomorphic automorphisms of D7 are

D3z a- (727, 202)) € DX, |arlja|” =1,  (12)

where ay = k1 +vh, a = ko +vh, a > 0 and |koh — kih| = 1.

In particular, the involutive holomorphic automorphisms of D7 are
only D} 3 z — (£z1,+2) € D,

This implies that two special domains of different type cannot have
isomorphic semigroups of endomorphisms!
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Determination of pseudoconvex Reinhardt domains by their
endomorphisms

Let Dy, D, C C? be pseudoconvex Reinhardt domains with an
isomorphism ®: End(D;) — End(Dy) of semi-groups. Then there
exists a biholomorphic or anti-biholomorphic 1): D1 — D, such
that ®(f) = ofoy~t

By results for bounded domains and theorems on determination of
manifolds admitting the retracts of C and C, the proof boils down
to the study of the special domains D} and D, ;.
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Sketch of the proof

o First by comparing the involutive automorpisms we see that
the Reinhardt domains with isomorphic endomorphisms must
be of the same type.

@ The endomorphism of the form z - p,,(h(z)) is mapped to an
endomorphism of the form w - p,,(g(w)) or

(2 - py(h(2))) = ¥(2) - p,(8(¥(2))), z€ D1, (13)

where h € O(D1), g € O(Dy).

@ The mapping h — g is a ring isomorphism so by Bers theorem
D1 and D, are (anti)biholomorphic or D; = Ds.

@ A detailed study leads to the completion of the proof.



Non-pseudoconvex counterexample

We define the domain (v > 0 is not algebraic)
D:=D,\ ((C\D) x {0} U{0} x (C\D)U L Uh), (14)

where I := A(0,2) x A(0,1/4%/7),
b = (C\ A(0,1/27+1)) x 9A(0,2).
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pseudoconvex and its endomorphisms are precisely: constant
functions and automorphisms (w121, w222), |wj| = 1.



Non-pseudoconvex counterexample

We define the domain (v > 0 is not algebraic)
D:=D,\ ((C\D) x {0} U{0} x (C\D)U L Uh), (14)

where I := A(0,2) x A(0,1/4%/7),

b= (C\ A(0,1/27F1)) x 9/ (0,2). The domain D is not
pseudoconvex and its endomorphisms are precisely: constant
functions and automorphisms (w121, w222), |wj| = 1. As a
consequence we easily get a variety of domains that are not
biholomorphic but have the same endomorphisms.
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Open problems

At least two very natural problems may be posed:
@ Can one generalize the problem to the case of higher
dimensional pseudoconvex Reinhardt domains?

@ Can one extend the result and see whether the endomorphism
as in Reinhardt domains determine the Stein manifold X (we
do not assume X to be a Reinhardt domain)?



