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Abstract

Let B = SU(2, 1)/S(U2 × U1) be the complex two-ball and Γ be a lattice of SU(2, 1)
with non-compact quotient B/Γ. In general, B/Γ can be singular and there is not cor-

rectly defined canonical bundle KB/Γ = Ω2,0
B/Γ of B/Γ. A work of Baily-Borel from 1966

constructs analogues of holomorphic sections of K⊗nB/Γ, n ∈ N and calls them modular

forms of weight n. It shows the existence of finitely many modular forms ω0, ω1, . . . , ωk

of one and a same sufficiently large weight n ∈ N, which provide a regular embed-
ding Φ : [ω0 : ω1 : . . . : ωk] : B/Γ ↪→ Pk(C). The same article compactifies B/Γ by
the means of finitely many points κ1, . . . , κh, called the Γ-cusps and establishes that

Φ extends to a holomorphic embedding Φ : B̂/Γ = (B/Γ)
∐
{κ1, . . . , κh} ↪→ Pk(C) of

the Baily-Borel compactification B̂/Γ. In such a way arises the problem of obtaining

explicit projective embedings Φ : B̂/Γ ↪→ Pk(C) by modular forms of comparatively
small weight and, therefore, of comparatively small codimension. In the case of a neat
lattice Γ, an article of Holzapfel from 2002 suggests a series of C-linear isomorphisms,
which ”transfer” appropriate rational functions on a minimal model Y of the smooth

toroidal resolution X = (B/Γ)′ of the cuspidal singularities of B̂/Γ to modular forms of

fixed weight. If Y is an abelian surface, we say that Γ, B̂/Γ and (B/Γ)′ are co-abelian.
In 2001 Holzapfel obtains the dimensions of the spaces Mn(Γ) of the modular forms
of weight n ≥ 2 for co-abelian lattices Γ, as well as dimCMo

n (Γ) for the subspaces
Mo

n(Γ) := {ω ∈Mn(Γ) |ω(κj) = 0, ∀1 ≤ j ≤ h} of the cuspidal forms. He constructs an

explicit neat ball quotient B/Γ(3,6)√
−1

with Euler number e
(
B/Γ(3,6)√

−1

)
= 3, six cusps and

abelian minimal model
(
C/Z[

√
−1]
)
×
(
C/Z[

√
−1]
)
, together with a regular embedding

̂B/Γ(3,6)√
−1

↪→ P22(C) by explicit modular forms of weight 3, subject to explicit relations.

The reported work obtains dimCMo
n(Γ) ∀n ≥ 2 for a neat toroidal compactification

(B/Γ)′ with an arbitrary minimal model Y . It shows that dimC (Mn(Γ)/Mo
n(Γ)) = h for

all n ≥ 2, so that there exist standard non-cuspidal modular forms ω
[n]
1 , . . . , ω

[n]
h of weight
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n with ω
[n]
i (κj) = δij for Kronecker’s delta δij . Let Bl : X = (B/Γ)′ → Y be the blow

down of the smooth irreducible rational (−1)-curves on a neat toroidal compactification

X to its minimal model Y and C =
∑h

j=1Cj , Cj = Bl(Dj) be the image of the toroidal

compactifying divisor D = (B/Γ)′ \ (B/Γ) =
∑h

j=1Dj on Y. When a minimal model
Y of X has a trivial or a torsion canonical bundle KY , the article establishes that the
transfers θn(fi) of rational functions fi : Y → P1(C), 1 ≤ i ≤ k provide a regular map

Φ = [θn(1) : θn(f1) : . . . : θn(fk)] : B̂/Γ→ Pk(C) if and only if any Cj , 1 ≤ j ≤ h is a pole
of order n of some fi(j), 1 ≤ i(j) ≤ k. Such Φ is a regular embedding exactly when the

rational map (f1, . . . , fk) : Y → P1(C)k is generically injective onto its image.

Let O√−m be the integers ring of an imaginary quadratic number field Q(
√
−m). All

known examples of neat co-abelian (B/Γ)′ have minimal model E√−m × E√−m with

E√−m = (C,+)/(O√−m,+), m ∈ {1, 3} and all Cj ⊂ E√−m × E√−m, 1 ≤ j ≤ h are

smooth irreducible elliptic curves, defined over Q(
√
−m). That is why, we consider only

neat toroidal compactifications X = (B/Γ)′ with minimal model Y = E√−m × E√−m
for an elliptic curve E√−m = (C,+)/(O√−m,+), whose lattice O√−m is a principal ideal

domain and the integers ring of an imaginary quadratic number field Q(
√
−m). Moreover,

we suppose that all Cj ⊂ E√−m × E√−m, 1 ≤ j ≤ h are defined over Q(
√
−m). Under

the aforementioned two assumptions, the article obtains five sufficient conditions for
the standard non-cuspidal modular forms of weight 2 and at most one explicit cuspidal
modular form of weight 2 to provide a regular projective embedding of a neat co-abelian
Baily-Borel compactification. It shows that an arbitrary neat co-abelian X = (B/Γ)′

admits a finite étale covering X ′ = (B/Γ′)′ → X = (B/Γ)′ by such a neat co-abelian

X ′ = (B/Γ′)′ with h′ cusps, whose associated Baily-Borel compactification B̂/Γ′ embeds
regularly by Γ′-modular forms of weight 2 in Pk(C) for some k ≤ h′.

By the means of the general results or by specific considerations are obtained projective

embeddings Z
(s,h)√
−m ↪→ Pk(C), k ∈ {h−1, h, h+1} by modular forms of weight 2 for all the

known four examples of neat co-abelian Baily-Borel compactifications Z
(s,h)√
−m =

̂B/Γ(s,h)√
−m

of Euler number e
(
Z

(s,h)√
−m

)
= s with h cusps and abelian minimal model E√−m×E√−m,

E√−m = (C,+)/(O√−m,+), m ∈ {1, 3}. On this occasion is constructed the first example

of an abelian function g : E√−3×E√−3 → P1(C) with non-parallel zero and pole divisors,
such that g transfers to a modular form. More precisely, g corresponds to a cuspidal

modular form θ2(g) ∈ j2Mo
2

(
Γ

(1,4)√
−3

)
of weight 2 for Hirzebruch’s neat co-abelian Baily-

Borel compactification
̂B/Γ(1,4)√

−3
, obtained in 1984.
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