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ALGEBRAS AND KÖTHE’S NORMALITY QUESTION

IVAN D. CHIPCHAKOV

Abstract. This talk presents an answer to the question of whether
every associative locally finite-dimensional (abbr., LFD) central division
algebra R over a field K is normally locally finite (abbr., NLF) over K,
that is, whether every nonempty finite subset Y of R is contained in
a finite-dimensional central K-subalgebra RY of R. This question has
been posed by Köthe (see page 27 in: [Math. Ann. 105 (1931), No.
1, 15-39). Our first main result shows that the answer is negative if
K is a purely transcendental extension of infinite transcendence degree
over an algebraically closed field k. To demonstrate this we construct,
for each prime p 6= char(K), an infinite-dimensional central division
LFD-algebra Yp over K with the following properties: (a) Yp does not
possess noncommutative finite-dimensional central K-subalgebras, so it
is not NLF over K; (b) every finite-dimensional K-subalgebra of Yp is
of p-power dimension. Moreover, the tensor product Y = ⊗pYp, where
⊗ = ⊗K and p runs across the set of prime numbers different from
char(K), is a central division LFD-algebra over K with property (a).

The second main result of the talk states that central division LFD-
algebras over K are NLF whenever K is a field of finite absolute Brauer
p-dimensions, for all prime numbers p, which is virtually perfect in the
sense that char(K) = 0 or char(K) = q > 0 and K is a finite extension
over the subfield Kq of q-th powers of elements of K. Specifically, the
answer to Köthe’s question is affirmative in the following cases: (i) K is a
finitely-generated extension of a field K0 of finite Diophantine dimension
(by Matzri’s theorem, combined with the Lang-Nagata-Tsen theorem),
for example, a finite or a pseudo-algebraically closed perfect field K0;
(ii) K is an m-local field with an m-th residue field K0 as above, for
some m ∈ N (the proof relies on Greenberg’s theorem and a theorem
due to Parimala and Suresh); (iii) K is the function field of a p-adic
algebraic curve, for some prime p (by Saltman’s theorem); (iv) K is a
finite extension of the field Q of rational numbers (by class field theory).
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