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Let G be a direct product of m linear algebraic groups over real and
p-adic numbers, I an irreducible lattice in G, and H a maximal split
torus of G acting on the homogeneous space G/I' by left translations.
According to a conjecture of Margulis (from 2000) the closure of every
H-orbit on G/T" is homogeneous (i.e., it is an orbit of a subgroup of
G containing H), unless the action of H admits a natural H-factor on
which H acts non-trivially as a 1-parameter group.

We introduce the notion of a locally divergent H-orbit and describe
the closures of such orbits. It turns out that if m = 2 then the clo-
sure of every non-closed locally divergent orbit is not homogeneous,
contradicting the above conjecture. Note that other different coun-
terexamples have been found in the following cases: for G = SL,(R),
n > 6, by Francois Maucourant; for G = SL3(R) by Uri Shapira; and
for G = SLy(R) x SLy(R) by G.T. It is important to mention that in
all known counterexamples the H-orbits are unbounded. For bounded
orbits Margulis conjecture remains largely open and implies a famous
(still open) conjecture of Littlewood from 1930.

In addition, as a consequence of our description of the closures of
locally divergent orbits, we obtain the following number-theoretical re-
sult: let K be a number field, S a finite set of valuations of K con-
taining the archimedean ones, and O the ring of S-integers of K. Let
f = (fu)ves be a non-rational K-decomposable homogeneous form in
n variables. Then f(O") is dense in Kg = [[ K,, where K, is the

veS
completion of K with respect to v.



