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I will give an overview of various zeta functions arising in convex geometry
and the geometry of numbers: meromorphic functions of one complex variable
associated with a domain in Euclidean space. The emphasis will be on the
structure of their leading singularities and on the corresponding residues, which
reveal different kinds of geometric information about the underlying Euclidean
domain.

In this light, the novel concept of a tropical zeta function, introduced and
studied recently with Nikita Kalinin and Ernesto Lupercio, stands out because,
in the planar case, it captures both the lattice perimeter and the affine perimeter,
corresponding respectively to residues at 1 and 2/3.

Although this story has deep roots in toric geometry and self-organized criti-
cality, with the principal fully explicit example of a tropical zeta function coming
from mathematical physics, and with expected applications in number theory,
this talk will focus on the more analytic aspects of the theory. In particu-
lar, T will sketch the main steps in the meromorphic continuation, under mild
smoothness assumptions on the boundary of the convex domain, to the half-
plane R(s) > 3/5. This continuation is useful for concrete geometric applica-
tions and constitutes a major step toward establishing analytic continuation to
the whole complex plane.
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