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Abstract

An associative unital algebra A is called Lie nilpotent of index at most p, for
some integer p ≥ 1, if [a1, . . . , ap+1] = 0 for all elements a1, . . . , ap+1 in A. Lie
nilpotent associative algebras are natural generalizations of commutative algebras
and possess many similar properties. In this talk, we first consider the question when
the tensor product of two Lie nilpotent algebras A and B is again Lie nilpotent.
Extending results of Deryabina and Krasilnikov, we show that if A is arbitrary and
B is finitely generated and Lie nilpotent of index 2, then the tensor product A⊗B
is again Lie nilpotent. We also give many explicit examples in which the index of
Lie nilpotency of A⊗B can be explicitly computed.

An important example of a Lie nilpotent associative algebra is the quotient
Fn,p = K ⟨Xn⟩ /Ip+1, where K ⟨Xn⟩ is the free associative algebra generated by a
set Xn with n elements over a field K of characteristic zero and Ip+1 is the two-sided
ideal generated by all commutators of length p + 1. The subspace Γn,p of proper
multilinear polynomials of degree n in Fn,p has a natural structure of a module over
the symmetric group Sn. The Sn-module structure of Γn,p is known for p = 1, 2, 3, 4.
As an application of our results on the tensor product of Lie nilpotent algebras, we
determine many explicit irreducible Sn-modules in the Sn-module decomposition of
Γn,p for arbitrary values of p. This gives a lower bound for the dimension of Γn,p

for any value of p. In the end, we discuss also further properties of Lie nilpotent
associative algebras related to the Sn-module structure of Γn,p.


