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Abstract  

The soliton hierarchies are characterised by a pair of Lax operators (L and M), L is usually polynomial 

in the spectral parameter. For the AKNS hierarchy (and its generalisations) for example, L is linear in 

the spectral parameter. The equations arising from the negative flows (when M involves negative 

powers of the spectral parameter) are usually equations in non-evolutionary form. These include 

important examples such as the Camassa-Holm and Qiao equations, when L is in the sl(2) algebra, and 

the Degasperis-Procesi equation when L is in the sl(3) algebra (with the corresponding reductions). 

When L is quadratic (the so-called quadratic pencil or quadratic bundle) there are negative flows as 

well, the best-known example being the Fokas-Lenells equation (and its extensions on Hermitian 

symmetric spaces). We discuss other examples, related to the quadratic bundle and the Heisenberg 

hierarchy, which is gauge equivalent to the AKNS hierarchy.  We also give examples of integrable 

hierarchies whose M-operator contains terms with rational functions of the spectral parameter. 


