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Abstract

We extend several classical tensor decompositions for discrete data—
including the Canonical Polyadic, Tucker, Tensor Train, Tensor Chain, and
Hierarchical formats—to a unified framework that we call tensor network
graph decomposition. For a connected graph G with n nodes and d open
edges, a d-order tensor 7 &€ R™* > ig represented as a contraction of n
lower-dimensional component tensors, with contractions performed along the
indices associated with the edges of G. The construction relies on the singular
value decomposition for general tensors and non-negative matrix factoriza-
tion for non-negative tensors. We also introduce an improved variant of the
Tensor Train decomposition and embed it within the general tensor network
framework.

Special attention is devoted to tensor network representations associated
with tree graphs, and in particular to decompositions achieving minimal con-
nected dimensions. We provide two equivalent criteria for minimal connected
dimensions and establish their equivalence through several auxiliary lemmas
of independent interest. Based on these results, we develop an algorithm that
computes tree-structured tensor decompositions with minimal connected di-
mensions.

As an application, we develop a preprocessing scheme for large linear
systems that reduces the number of equations prior to numerical solution.
The method tensorizes the data, constructs a tree-graph decomposition with
minimal connected dimensions, and performs a contraction-guided reduction
step that eliminates redundant or low-rank equation structure. The resulting
reduced system preserves the solution of the original problem while offering
lower computational cost for subsequent linear algebra routines.
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