
Energies with Tensor Product Structure,

Permutation Sets, and One-distance Sets on the

Torus

Dmytro Bilyk

We study minimizers of interaction energies on the flat torus Td, where the
underlying kernel has tensor product structure.

We study minimizers of interaction energies on the flat torus Td, where the
underlying kernel has tensor product structure.

For N points

X = {x0,x1, . . . ,xN−1} ⊂ Td ≃ [0, 1)d,

with components
xk = (xk

1 , . . . , x
k
d),

we define the tensor product energy as
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where f : R → R+ is an even 1-periodic function. Such energies arise naturally
in discrepancy theory and quasi-Monte Carlo integration. Permutation sets on
T2 and Latin hypercube sets in higher dimensions (i.e. sets whose projections
onto coordinate axes are equispaced points) are natural candidates to be energy
minimizers. We show that point configurations that have only one distance
vector minimize the energy for a wide range of potentials, in other words, such
sets exhibit a tensor product version of universal optimality. This applies, in
particular, to three- and five-point Fibonacci lattices. We also characterize all
lattices with this property and produce some non-lattice sets of this type. In
addition, we discuss several further structural results about global and local
minimizers of tensor product energies, in particular, for low values of N , as well
as the closely related one-dimensional question (when do N equispaced points
on the circle minimize the energy?) which surprisingly is still not completely
understood.
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